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dWUMERNAQ MODELX iZINGA

w \TOJ LEKCII MY RASSMOTRIM DWUMERNU� MODELX iZINGA I EE RE[ENIE, PREDLOVENNOE oNZAGEROM

W 1944 G.

rASSMOTRIM DWUMERNU� RE[ETKU RAZMERA M � N S UZLAMI, NUMERUEMYMI PARAMI CELYH ^ISEL

(m;n). w KAVDOJ WER[INE POMESTIM `SPINOWU�' PEREMENNU� �

mn

= �1 � �. kONFIGURACIEJ C BU-

DEM NAZYWATX SOWOKUPNOSTX ZNA^ENIJ SPINOWYH PEREMENNYH NA WSEH UZLAH f�

mn

g. pREDPOLOVIM, ^TO

STATISTI^ESKIJ WES W (C) KONFIGURACII C OPREDELQETSQ FORMULOJ

W (C) = e

��E(C)

; �E(C) = �

X

m;n

(J�

mn

�

m+1 n

+K�

mn

�

m n+1
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pRI \TOM BUDET PREDPOLAGATXSQ PODHODQ℄EE USLOWIE NA GRANICAH RE[ETKI, NAPRIMER CIKLI^ESKOE

�

M+1 n

= �

1n

; �

mN+1

= �

m1

: (2)

nAS BUDET INTERESOWATX, W KONE^NOM S^ETE, TERMODINAMI^ESKIJ PREDEL M;N !1, PO\TOMU GRANI^NOE

USLOWIE NE BUDET IGRATX BOLX[OJ ROLI I MY PRI NEOBHODIMOSTI EGO IZMENIM.

nA[A ZADA^A | WY^ISLITX STATISTI^ESKU� SUMMU Z

MN

(J;K) DANNOJ MODELI I NAJTI PREDEL

f(J;K) = �

1

MN

lim

M;N!1

logZ

MN

(J;K). mY BUDEM RASSMATRIWATX SLU^AJ `FERROMAGNITNOGO' WZA-

IMODEJSTWIQ J;K > 0. tRI DRUGIH SLU^AQ TRIWIALXNO OTOBRAVA�TSQ NA \TOT PRI ^ETNYH M;N .

dAWAJTE DLQ NA^ALA WWEDEM WAVNOE PONQTIE TRANSFER-MATRICY. rASSMOTRIM n-J RQD RE[ETKI

f�

1

; : : : ; �

M

g (INDEKS n MY DLQ PROSTOTY OPUSKAEM) I n + 1-J RQD f�

0

1

; : : : ; �

0

M

g. wOZXMEM WSE GORIZON-

TALXNYE REBRA n-GO RQDA I WSE WERTIKALXNYE REBRA, SOEDINQ�℄IE n-J I n + 1-J RQDY I WY^ISLIM IH

WKLAD W BOLXCMANOWSKIJ WES W (C):
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M
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M
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+K�

m
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0

m

): (3)

|TI WESA UDOBNO RASSMATRIWATX KAK MATRICU S INDEKSAMI �

0

I �, IMENUEMU� TRANSFER-MATRICEJ.

sTATISTI^ESKAQ SUMMA WYRAVAETSQ ^EREZ TRANSFER-MATRICU W WIDE

Z

MN

= TrT

N

: (4)

zADA^A WY^ISLENIQ STATISTI^ESKOJ SUMMY SWODITSQ K ZADA^E DIAGONALIZACII TRANSFER-MATRICY, T. K.

ESLI �
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� : : : � �

N

(N = 2

N
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Z
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=

N

X
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�

N

i

:

bOLEE TOGO, W PREDELE N !1 IMEEM

Z

MN

= g�

N

1

;

GDE g | STEPENX WYROVDENIQ STAR[EGO SOBSTWENNOGO ZNA^ENIQ, A W TERMODINAMI^ESKOM PREDELE

f = � log�

1

: (5)

tRANSFER-MATRICU MODELI iZINGA UDOBNO RAZBITX W PROIZWEDENIE DWUH MATRIC T = V

0

V

1
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(V

0

)

�
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�

= e

K
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�

m

�

0

m

; (6)

(V

1

)

�
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�

= e

J

P

M

m=1

�

m

�

m+1

: (7)

wYRAZIM TEPERX \TI MATRICY ^EREZ MATRICY pAULI �

i

m

, DEJSTWU�℄IE W SOOTWETSTWU�℄IH DWUMERNYH

PROSTRANSTWAH. dLQ V

1

\TO TRIWIALXNO:

V

1

= e

J

P

M

m=1

�

z

m

�

z
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: (8)
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dLQ V

0

\TO NESKOLXKO SLOVNEE. rASSMOTRIM \KSPONENTU e

K

�

�

x

S NEKOTOROJ KONSTANTOJ K
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e
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�

�
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=
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�

�
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k
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=
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+

K
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shK
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shK

�
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�
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nO MATRICA V

0

ESTX TENZORNOE PROIZWEDENIE MATRIC WIDA

�

e

K

e

�K

e

�K

e

K

�

. tAKIM OBRAZOM, ESLI

thK

�

= e

�2K

; (9)

TO S TO^NOSTX� DO ^ISLOWOGO KO\FFICIENTA OBE MATRICY 2� 2 SOWPADA�T. oTS�DA

V

0

= (2 sh 2K)

M=2

e

K

�

P

M

m=1

�

x

m

:

oTMETIM, ^TO OTOBRAVENIE K 7! K

�

INWOL�TIWNO, T. E. (K

�

)

�

= K.

uDOBNO WWESTI OPERATORY oNZAGERA

A

0

=

M

X

m=1

�
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m

; A

1

=

M

X

m=1

�

z

m

�

z

m+1

: (10)

|TI OPERATORY OBRAZU�T NEKOTORU� SLOVNU� ALGEBRU, IZU^AQ PREDSTAWLENIQ KOTOROJ, MOVNO NAJTI

SPEKTR TRANSFER-MATRICY. oDNAKO BOLEE UDOBNO DEJSTWOWATX INA^E. zAMETIM, ^TO OPERATOR A

0

, TOVE

MOVNO ZAPISATX W WIDE, KWADRATI^NOM PO MATRICAM pAULI:

A

0

= �i(�

y

m

�

z

m

� �

z

m

�

y
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zAMETIM, ^TO MATRICY pAULI �
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, �

y
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)
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)
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g = 0:
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): (11)
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= 0: (12)
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=
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=
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(13)

mY PO^TI ^TO WYRAZILI OPERATORY A
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oBRATIM WNIMANIE NA TO, ^TO

�

x

~�

�
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=
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: (15)

oPREDELIM FERMIONNYE OPERATORY

a
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= �
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= �
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+
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:

(16)

tOGDA
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0

=

M

X

m=1
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+

m

a

m
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A
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=

M�1
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):

(17)

|TI WYRAVENIQ KWADRATI^NY PO a

+

m

, a

m

, ZA ISKL�^ENIEM POSLEDNEGO SLAGAEMOGO W A

1

. nO MNOVITELX

Q
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+

j

a

j

) RAWEN (�1)

n

f

, GDE n

f

| ^ISLO FERMIONOW. pO\TOMU \TOT OPERATOR MOVNO TOVE S^ITATX

KWADRATI^NYM. nO ^TOBY NE UGLUBLQTXSQ W TONKOSTI, SWQZANNYE S \TIM ^LENOM, I POSKOLXKU NAS NA

SAMOM DELE INTERESUET TOLXKO TERMODINAMI^ESKIJ PREDEL, DAWAJTE WOZXMEM UPRO℄ENNOE WYRAVENIE

DLQ A

1

:

A

1

=

M

X
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(a

+

m
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m

)(a

+
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+ a
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): (18)

|TO SOOTWETSTWUET NEKOTOROJ MODIFIKACII GRANI^NOGO USLOWIQ W MODELI iZINGA.

tEPERX WOSPOLXZUEMSQ TRANSLQCIONNOJ INWARIANTNOSTX� WYRAVENIJ DLQ A

i

. rAZLOVIM a

m

W RQD

fURXE

a

m

=
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p

M

X

q

e
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�
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; q =
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; � = 0; 1; : : : ;M � 1 modM; (19)

I PODSTAWIM \TO WYRAVENIE W A

i

:

A

0

=

X

q
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+

q

�
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A
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=
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+
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+
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+
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mY WIDIM, ^TO W \TI OPERATORY WOLNOWYE ^ISLA q I �q � 2� � q WHODQT PARAMI. pO\TOMU UDOBNO
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X

0�q<�
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|TO OZNA^AET, ^TO

T = (2 sh 2K)
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Y
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T (q); T (q) = V

0

(q)V

1
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GDE

V

0

(q) = e

K

�

A

0

(q)

; V

1

(q) = e
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1

(q)

:

wSE OPERATORY T (q) KOMMUTIRU�T DRUG S DRUGOM, TAK ^TO ZADA^A DIAGONALIZAJII T SWODITSQ K DIAGO-

NALIZACII MATRIC T (q) RAZMERA 4 � 4. oPREDELIM WAKUUM j0i

q

USLOWIEM �

q

j0i = 0 PRI WSEH q. wWEDEM

BAZIS

j+ +i = j0i; j �+i = �

+

q

j0i; j+�i = �

+

�q

j0i; j � �i = �

+

q

�

+
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PRI q 6= 0,
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0
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+

�

j0i; j � �i = �

+

0

�

+

�
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PRI q = 0 I ^ETNOM M I

j+i = j0i; j�i = �

+

0

j0i:

PRI q = 0 I NE^ETNOM M . w \TOM BAZISE MATRICY A

i

WYGLQDQT KAK

A

0

(q) =

0

B

�

2

0

0
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1

C

A

; A

1

(q) =

0

B

�
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os q �2i sin q

0 0
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os q

1

C

A

:

PRI q 6= 0 I

A

0

(0) =

0

B

�

2

0

0

�2

1

C

A

; A

1

(0) =

0

B

�

0

2

�2

0

1

C

A

(M | ^ETNOE),

A

0

(0) =

�

1

�1

�

; A

1

(0) =

�

�1

1

�

(M | NE^ETNOE),

|TI MATRICY UDOBNO RASSMATRIWATX KAK BLO^NYE, PRI^EM PROSTRANSTWO C

4

RASPADAETSQ W SUMMU DWUH

DWUMERNYH (Cj+ +i �Cj � �i) � (Cj �+i �Cj +�i). tOGDA W PERWOM PROSTRANSTWE

A

(1)

0

(q) = A

(1)

0

(0) = 2�

z

; A

(1)

1

(q) = 2�

y

sin q � 2�

z


os q; A

(1)

1

(0) = 0:

wO WTOROM PROSTRANSTE

A

(2)

0

(q) = A

(2)

0

(0) = 0; A

(2)

1

(q) = 0; A

(2)

1

(0) = 2�

z

:

pRI NE^ETNYH M IMEEM

A

0

(0) = �A

1

(0) = �

z

:

w TAKOM WIDE LEGKO WZQTX \KSPONENTY OT \TIH OPERATOROW. w PERWOM PROSTRANSTWE

V

(1)

0

(q) = e

2K

�

�

z

= 
h 2K

�

+ �

z

sh 2K

�

=

�

e

2K

�

e

�2K

�

�

;

V

(1)

1

(q) = e

2J(�

y

sin q��

z


os q)

= 
h 2J + (�

y

sin q � �

z


os q) sh 2J

=

�


h 2J � sh 2J 
os q �i sh 2J sin q

i sh 2J sin q 
h 2J + sh 2J 
os q

�

:

oTS�DA

T

(1)

(q) =

�

e

2K

�

(
h 2J � sh 2J 
os q) �ie

2K

�

sh 2J sin q

ie

�2K

�

sh 2J sin q e

�2K

�

(
h 2J + sh 2J 
os q)

�

:

sOBSTWENNYE ZNA^ENIQ \TOJ MATRICY RAWNY �

1;2

(q) = e

�"(q)

, GDE


h "(q) = 
h 2K

�


h 2J � sh 2K

�

sh 2J 
os q: (20)

nA WTOROM PROSTRANSTWE T

(2)

(q) = 1 ZA ISKL�^ENIEM TO^KI q = 0, GDE T

(2)

(q) = e

2J�

z

I �

3;4

(0) = e

�2J

.

sPEKTR SOBSTWENNYH ZNA^ENIJ TRANSFER-MATRICY UDOBNO ZAPISATX W WIDE

�(~�) = (2 sh 2K)

M=2

exp

X

q

�

q

"(q)

2

: (21)

zDESX �

q

= �.
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zADA^A. pOKAZATX, ^TO MODY q = 0; � U^TENY TAKIM SPOSOBOM PRAWILXNO.

|TO OZNA^AET, ^TO IME�TSQ FERMIONNYE POLQ �

q

, �

+

q

, TAKIE ^TO

T = (2 sh 2K)

M=2

e

�

P

q

"(q)

(

�

+

q

�

q

�

1

2

)

:

mOVNO POKAZATX, ^TO FERMIONNYE MODY �

q

, �

+

q

POLU^A�TSQ IZ MOD �

q

, �

+

q

PREOBRAZOWANIEM bOGOL�BOWA.

nAIBOLX[EMU SOBSTWENNOMU ZNA^ENI� �

1

OTWE^AET, O^EWIDNO, SLU^AJ �

�

= + DLQ WSEH �. sLEDOWA-

TELXNO, NAIBOL[EE SOBSTWENNOE ZNA^ENIE RAWNO

�

1

= (2 sh 2K)

M=2

e

1

2

P

0�q<2�

"(q)

; (22)

A SWOBODNAQ \NERGIQ (UMNOVENNAQ NA �) W TERMODINAMI^ESKOM PREDELE IMEET WID

f = �

1

2

log(2 sh 2K) �

Z

�

0

dq

2�

Ar
h(
h 2K

�


h 2J � sh 2K

�

sh 2J 
os q): (23)

tO^KA FAZOWOGO PEREHODA SWQZANA S OSOBENNOSTX� SWOBODNOJ \NERGII. eSLI


h 2K

�


h 2J � sh 2K

�

sh 2J � 
h 2(K

�

� J) > 1;

PODYNTEGRALXNOE WYRAVENIE NE IMEET OSOBENNOSTEJ I FUNKCIQ f ANALITI^NA. oDNAKO PRI K

�

! J

PODYNTEGRALXNOE WYRAVENIE WEDET SEBQ KAK jK

�

� J j PRI q = 0. |TO MOVET SWIDETELXSTWOWATX OB

OSOBENNOSTI SWOBODNOJ \NERII PRI

K

�

= J (24)

ILI, \KWIWALENTNO, PRI

K = J

�

:

mOVNO POKAZATX, ^TO OSOBENNOSTX SWOBODNOJ \NERGII � (K

�

� J)

2

log jK

�

� J j ILI (T �T




)

2

log jT � T




j,

T. E. ONA O^ENX SLABAQ I SU℄ESTWENNO PROQWLQETSQ LI[X W TEPLOEMKOSTI C � log jT � T




j.

|TI REZULXTATY MOVNO PROILL�STRIROWATX SLEDU�℄IM OBRAZOM. pUSTX x = (m;n) OBOZNA^AET

UZEL RE[ETKI, A x

�

= (m + 1=2; n + 1=2) | UZEL DUALXNOJ RE[ETKI. pOLOVIM �(x) = �

mn

. pOLE

BESPORQDKA �(x

�

) OPREDELIM KAK WSTAWKU, KOTORAQ MENQET ZNAKI WZAIMODEJSTWIQ NA WSEH REBRAH SLEWA OT

x

�

. wWEDEM WEKTORY Æ

1

= (1; 0), Æ

2

= (0; 1), Æ

3

= (�1; 0), Æ

4

= (0;�1), e

1

= (1=2; 1=2), e

2

= (�1=2; 1=2),

e

3

= (�1=2;�1=2), e

4

= (1=2;�1=2). pOLOVIM TAKVE J

1

= J

3

= J , J

2

= J

4

= K. wWEDEM POLQ

 

a

(x) = �(x)�(x + e

a

);  

a+4

(x) = � 

a

(x): (25)

zADA^A. pOKAVITE, ^TO POLE  

a

(x) UDOWLETWORQET URAWNENI�

 

a

(x) =  

a+1

(x) 
h 2J

a+1

�  

a+2

(x+ Æ

a+1

) sh 2J

a+1

: (26)

|TO URAWNENIE IGRAET ROLX DISKRETNOGO URAWNENIQ dIRAKA DLQ POLQ  

a

(x).

zADA^A. pOKAVITE, ^TO POSTOQNNOE PO x RE[ENIE URAWNENIQ (26) IMEETSQ PRI USLOWII (24). pOKAVITE,

^TO MEDLENNO MENQ�℄IESQ RE[ENIQ WBLIZI \TOJ TO^KI WYRAVA�TSQ ^EREZ DWE FUNKCII u

�

, UDOWLETWO-

RQ�℄IE NEPRERYWNOMU URAWNENI� dIRAKA:

(�

1

+ i�

2

)u

+

= imu

�

;

(�

1

� i�

2

)u

�

= imu

+

;

m � K

�

� J:

sTATISTI^ESKU� SUMMU DLQ MODELI iZINGA MOVNO WYRAZITX ^EREZ GAUSSOW INTEGRAL PO ANTIKOM-

MUTIRU�℄IM PEREMENNYM  

q

(x).
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