Lecture 12
Kondo problem: solving Bethe equations
In the last lecture the Bethe equations were obtained for the sd-model:

n

el = IS T vi /2

izlvi—i/Q’
vi+i/2 Nvi+iS+g*1_ ﬁvi—vj%—i
v —i/2) v —iS+gl i =

a=1,...,N, ,j=1,...,n,

while )
= —F7tgJ(S+1/2).
0= 5717 IS +1/2)
The energy of the system isE|
N
F=Yn
a=1

Take the logarithm of the Bethe equations:
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Besides, all the numbers J; should be pairwise distinct, and all the numbers I, too.
The total energy of the system is split into two contributions:
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The term —7N2/2L is added to the charge energy, so that for J = 0, n = N/2 the ratio Eqy/Ecn vanishes

in the thermodynamic limit.

First, we find the ground state. In order for the energy minimization procedure to be correctly defined,
the cutoff —ep for negative momenta should be introduced. Namely, it should be required that in the IN-
particle ground state all levels of negative momentum (energy) in the interval [—ep, 0] should be filled. Since

the density of states in p, is equal to 2%, we have
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1'We have assumed vp = 1. In order to restore the physical definitions of variables, one should everywhere replace E — E /v,

J — J/’UF



Therefore, the thermodynamic limit is defined as

The Fermi level ex should be considered as a model parameter.
The numbers I, must satisfy the condition
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In the ground state I, run through values from about —N/2 to N/2 and, therefore, > I, < N 2. Therefore,
in the thermodynamic limit the charge energy is
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Find a allowed domain for the numbers J;. For v; — 400 from () we have .J; — (N +2 —n)/2, and for
v; = —oo we have J; = —(N + 2 — n)/2. Therefore
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To find the minimum by the spin states of the electrons, suppose that the constant J is small enough, so
that the last two terms in can be neglected. The first term in FEg, decreases with increasing J;, so we
can assume that the ground state corresponds to the full filling of (half)integers by sufficiently large values
of J;. Therefore, there is some value of Jyi, such that in the ground state the roots correspond to all
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Note that from and it follows that
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where S* = N/2+ S — n is the projection of the total spin of the system.
Let us calculate the magnetization and spin energy of the system in the leading order in N~!. In this

approximation we may neglect the contribution of the impurity, and we obtain
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From this it is easy to obtain a relation between S* and the magnetic field H. Indeed, by minimizing the
function Eserl)(H) = Esell) — HS? with respect to S* we find
dep
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This is simply the contribution of s-electrons to the Pauli paramagnetism. This formula is exact in the zeroth

order in 1/N and can be used later to calculate the relationship between H and b. To obtain we did

not need to explicitly solve the Bethe equations (29). However, they will certainly have to be solved if we

want to establish a connection between b and n.

By taking the difference of two equations @ with consequent values of ¢ and dividing it by v;—1 — v;, in

the thermodynamic limit we obtain the integral equation
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This means that the total spin is

The spin energy is equal to
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Expand the density in powers of 1/N up to the first order
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The magnetization splits into the electronic and the impurity parts:
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The spin energy splits into two parts
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The electronic part of the energy is not difficult to calculate without solving the integral equation and it
coincides with the result . To take into account the impurity we have to solve the integral equations.



Let us start with the case b = co. The integral equations and in this case can be solved by the
Fourier method. It is easy to check that
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The point k = 0 is of particular interest:

w0 = [peme) =5 5O =[S a0 =5 (37)

From this we obtain

Mg =0, (38a)
My, =S —1/2. (38b)
The first formula (38a)) means that the case b = —oo corresponds to the case of zero electron magnetic

moment, i.e. of zero external magnetic field. More precisely, this corresponds to the limit H — 07, since
a finite magnetic field corresponds to finite . The formula means that in a weak magnetic field the
chain acquires the angular momentum S* = S — 1/2 in consistency with , that is, the spin of the chain
is S — 1/2. This means that the impurity spin is partially screened by electrons and the ground state is 2.S-
fold degenerate. Note that the solution (38) exactly corresponds to the maximal value of n defined in .
Thus this result could be obtained without solving the integral equations.
Consider now the case
1<Kb< 0. (39)

The condition b > 1 corresponds to the physically meaningful regime of the not too strong magnetic field
H < ep. Integral equations with one finite limit are solved by the Wiener-Hopf method. Let us briefly
outline this method.

Consider the equation

oe] dx/
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The given function g(x) can be arbitrarily continued to the negative x region and the equation can be
extended to the entire axis. Moreover, the values of f(z) for # < 0 are not significant, and the solution f(z)
for x > 0 if independent of this continuation.

Make the Fourier transform:
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The function f (k) (f_(k)) has no singularities in the upper (lower) half-plane. Here and below, such a
property will be assumed for all functions with the + subscripts.
The equation takes the form

(1 + K (k) f+(k) + - (k) = g(k). (42)

14 (k) = 2 ) (43)




Besides, we set

K_(k)g(k) = 4(k) = G+ (k) + G- (k). (44)
For a “good” enough function G(k) the functions ¢4 (k) are explicitly found in the form
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Multiplying by K_(k), we obtain
Ro(B)Fo (k) + K (K)F-(K) = @ () + 3 (k). (46)

Let us transfer all functions that do not have singularities in the upper half-plane to the left side:

R () (k) — @ (k) = G- (k) — K (k) ().

The left-hand side has no singularities in the upper half-plane, and the right-hand side in the lower one.
Thus, both sides of this equation have no singularities. Under some additional restrictions on the growth of
the functions (which must be checked separately in each case), it follows that

Ki(k)fr(k) = qr(k),  K-(k)f-(k) = q-(k). (47)
Finally,
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The construction of functions analytic in the upper or lower half-plane is a kind of art, but for reasonable
functions expressed in terms of elementary functions, this is a quite solvable problem (which reduces, more
or less, to counting poles and zeros).

In the problem that we are considering, it is better to solve the equation lightly indirectly, since this will
allow us to simplify the problem for b > 1, which corresponds to the physical condition H < ep. Let

fi(z) = pi(z = b).
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Rewrite equation in the form
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For b > 1 to calculate fy(x) for x < 0 we may use the approximation
ho(z) ~ 2me™ @), (53)

Thus, fo_ (k) ~ e~™. Since K(0) = §;(0) = 1, we gave
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From this we obtain
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The exact answer requires a careful solution of the equation by the Wiener-Hopf method and gives
H e 1/2
—_— - — . 54
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Let us obtain one more simple result for S = 1/2. Consider the limit of small fields H when b is large,
but still not equal to infinity. Then, in addition to (53|) we have

hy(z) ~ 2me™(@=0)+7/g, (55)
From this we immediately obtain R
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Hence for the impurity contribution to the magnetic susceptibility we have
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I will not give explicit formulas for solving the equations , by the Wiener-Hopf method (this con-
clusion is described in detail in [I]). I will only give the answer. Fro finite field the magnetization is given
by the formula [2]

. 00 —2iw . o —2iSw /. i(25—-1)w
M, (H):S—l—l— i / o (H> F(zw+1/2)< zw—i—()) (zw—{—()) 6

2 4m32 Ty w + 10 e e

where the variable w is nothing but k/27, and
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This expression can be expanded for H > Ty (which can be compared with the series of the perturbation
theory) and for H < T (which is unattainable by the perturbation theory). In the leading asymptotics, we
have
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Now we briefly touch on the problem of calculating the thermodynamic characteristics at finite temper-
atures. There are several features here.

First of all, unlike the ground state, the roots of the Bethe equations v; can be not only real, but also
complex. Namely, for N — oo the roots of the Bethe equations form p-strings (p =1,2,...):

Wy =+ S (p+1=2k) + O N), k=12...p. (61)
Real roots correspond to 1-strings.

It can be shown that if we substitute a string solution into the Bethe equations, the right-hand side will
go to zero or infinity, while the left-hand side will tend to zero or, correspondingly, to infinity as N — oo.



To construct the equations for the real parts vf of strings vf > multiply the p Bethe equations for all values
of k. After that, the Bethe equations take the form
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As before, we should take logarithm of the equations and pass to the continuous limit. However, at a nonzero
temperature, the states are not filled densely, therefore, if the density of states p,(v) appears on the left-hand
side of the integral equations, then only the density of particles py(v) appears in the right-hand side (under
the integrals). The difference py(v) = pp(v) — pp(v) represents the density of holes. The densities of states
are expressed in terms of the densities of particles according to the equation

o) = o) + 1 8s0) + 3 [ 55 B0 =30, (65)

Since the densities do not define the states uniquely, the entropy is associated with them:
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= Nz_:l / % (pp(v)log pp(v) — pp(v) log pp(v) — pp(v) log pp(v)). (66)

The correct system of equations for the density of particles is the minimum condition of the free energy
Flp*l=FE—-TS—-HS*?

This gives a system of nonlinear integral Yang—Yang equations:
d’U/(I) ’ —€ /(,U/) 1 1 A
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where the pseudoenergies €,(v) are defined by the relation

pl) 1
pp(v) e +1

These equations can be solved analytically in the limit of low or high temperatures or numerically and finite
temperatures. Thermodynamic quantities are expressed in terms of pseudoenergies.
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Problems

1. Derive the expression from the expression .

2. Show that e~ ™«l = (@)M (#)_m. Solve the equation for ¢ = 0 in the approximation 1)
by the Wiener—/Hopf method and derive (54). Check the convergence of the integrals.

3. Solve the equations by the Wiener—/Hopf method and derive the formula for the impurity
magnetization. Check the convergence of the integrals.

4. Obtain the first nontrivial terms in the expansions , .

5*. Obtain the Bethe equations f for “string” solutions.



