Jlexnmsa 10
CuuHops! u moJsst cumHa 1/2

1. CuaunnopHoe npencrasiienue rpynnsl Bpamtenuit SO(3). Paccmorpum anre6py M (2,C) Beex
KOMILJIEKCHBIX MaTpuIl 2 X 2. Buibepem B meit 6a3uc mampuy, Ilayau

A IR (I AR

MNnmeercsa cooTHOIEHNE
olod = 64 4 jelikgh

njim

olod —olot = 2igh ok, (2)

olol +olot =207, (3)

MaTpunst %ai peanusyoT OByMepHOe mpencrasienue anarebpsl Jlu rpymmer SO(3).
Peanusyem npeobpasosanus rpynnsl Bparteruil B M (2, C), Tax uTo0b koMOuHanms o’ ocTaBalach
nHBapuaHTHOW. VMeHHO, mycTh

gt =Xl A= (\) €0(3). (4)

Torma ' o
o't = Njo!, (5)

T. e. 0! mpeobpa3yIoTCsa KaK KOMIIOHCHTEI BEKTOPa (IPeobpa30OBaHnsS OPTOrOHATBHEIE — KOBEKTOP I BEKTOD
upeobpasyrorcs onuHakoBo). OxaseiBaercs, coorHomenus (2), (3) coxpaHsercs Ipu 5TUX Ipeobpa3OBAHUAX
npu A € SO(3). IlpeobpasoBanue A = —1 coxpanser (3), HO MeHser 3HaK B mpasoil yactu (2). Orcoma
crenyer, uro (5) 3amaer asromopdusm M (2,C) mpu A € SO(3). Ho Bce aBTOMOPGOU3MEI aCCONUATUBHON
anre6per M (n, C) suyrpennue (cm. HyGposun—HosukoB—®Pomenko). CriemoBaTenbHO, CyIIECTBYET TAKON
SJIEMEHT ¢, ITO

o'l =g lalg (A€ SO3)). (6)

Koneuno, 57€MEeHT g ONpenesen ¢ TOYHOCTBIO 0 MTPOU3BOJIBHOTO MHOXKUTEIA. DTy MHOTO3HAYHOCTH MOXKHO
yCTpaHuTh, noTpeboBas, urobel g(A) mpunamnexan SL(2,C), t. e. det g(A) = 1. Torma npencrasienue
NeTIaeTCs OBY3HAYHEIM, TaK KAK MATPHUILy ¢ MOXKHO TOMHOXKHUTH Ha — 1.

[Mokaxkem, 9TO 5Ta NBY3HAYHOCTH HEYCTPAHIMA. PacCMOTPHUM 37€MEHT

i
g = 1+ 50’35
¢ maaelM €. Torma
i
o'l =o' - 5[03,01]5 =o' +¢e0?,
)
0o? =0% - Z[0%,0%e = 0% — eot,
2
1
o = 0% - ~[0% 0% = o°.
2
D10 oTBewaeT IPeoGpPa3OBAHMIO KOOPAUHAT
=g +ed?,
z? = 2% —ext,
2P = a3,

T. e. DECKOHEUHO MAJIOMY ITIOBOPOTY Ha YIOJI € BOKPYT OcH 2. IJIs KOHEYHOTO MOBOPOTA HA YIOJI ¢ MOIIyIaeM,
OYEBHUIHO,

g(p) = exp <%a3tp> = cosg +io® sin% (7a)



(rax xax (0%)? = 1). OueBumHO Taxxke, 9TO 06T TOBOPOT HA YTOI ( BOKPYT OCH b MAETCS

g(p,m) = exp <%0'n <p> = cos% + ionsin g (7b)

Paccmorpum noBopot Ha yrom 2m:
g(27) = exp(imo®) = cosm = —1.

OTO 3HAYUT, YTO HENPEPLIBHOMY 3aMKHyTOMy myTu u3 1 B 1 Ha rpymme SO(3) orBeuaer myTh u3 g = 1
B g = —1 B cmHOpHOM mpencrasimeHuu. OTo 3HauuT, 4To SO(3) momyuaerca daxropusamuein SU(2) mo
muckpeTHoil nogrpymme {£1}.

MoxHo BBecTH cnunopbl £ KaK OOBbEKThI, KOMIIOHEHTHL KOTOPBIX IIPE0OPA3yIOTCs IO IPABIILY

¢ =96 (wm® = g°s°).

Ecnu Mol BBemem € = & = €*T', To nomsTHO, 4TO

é—l — _g—l
[TosTomy BemuuuHbL . o
ng, mots, mote’,. ..

Ipeobpa3yoTCs KaK CKaJIsIP, BEKTOP, TEH30p BTOPOTO PAHTa U T. I. cCOOTBeTcTBeHHO. Hampumep,
(707¢)" = 7'0'¢' =ng~"o"g¢ = no"'s = N'jio’¢

Bemmumaa, £ = |¢1? + |€2|? monmoxuUTETLHO OMpeneneHa W MOXKET PACCMATPUBATBCS KAK MIOTHOCTD
BEPOSTHOCTU CHUHOPHOTO 10Jtst & ().

2. Cuunopuoe npencrassieHue rpynnsl Jlopermna O(1,3). Hasaiire 0600muM CIUHOPLL HA [IPEL-
craBieHus rpynnsl JIopeHna. DTo HECBA3HAS IPYIIA, COCTOSIIASL U3 YEeTHIPEX KOMIIOHEHT, CBSI3aHHBIX IBYMS
TpeoO0pPa30BAHUIMU:

pP= (mpocTpaHCTBEHHAS. UHBEPCUS),

-1
-1

T= (obparieHre BpeMeHn).

1

PaccMOTPHM CBA3HYIO KOMIIOHEHTY, COIEpKAIIyio enuumty. JIro6oit ee simemenT A mpencrasmym B Bume A = e,

roe A — marpuna us anare6pst o(1,3), T. €. yIOBIETBOPSIOLIA YCIIOBIIO

Iupa”v = —a” ugpu-
[TocTpoum 6a3uc B 3T0H aiaredpe:
0 0 0
0 0 -1 0 1
Jl - 0 1 ) J2 - 0 ) J3 - -1 0 )
-1 0 1 0 0
0 -1 0 -1 0 -1
-1 0 0 0
Kl - 0 ? K2 - _1 0 ? K3 - 0
0 0 -1 0



Oueparop J; remepupyeT HOBOPOTHL BOKPYT OCH i (T. . MaJiblil IOBOPOT HA yrodl € ecTh 1 + £J;), a onepaTop
K; nopoxmaer OycT BOOJIb OCH 1.
Ileneparopsr J;, K; yOOBIETBOPSIOT KOMMY TAIIMOHHEIM COOTHOIIEHISIM

i, J;] = —€ijiJi,
Ky, Kj] = —e4ji Ik, 9)
[Ji,Kj] = 5iijk-

Bsemem HOBBIE reHEPATOPEL

A= %(J —iK),

1
B = 5(] +1iK)

C COOTHOIICHUSIMA

[4i, Aj] = —eijrAr,

[Bi, Bj] = —€ijk Bk, (10)

[4;,B;] =0.
Oro 3mauut, yro anrebpa o(1, 3)c pacnamaercs B upsamyio cymmy su(2)c @ su(2)c, a cBsI3HAs KOMIIOHEHTA
rpyunst O(1, 3) npencrasiser coboil HEKOTOPOE BelecTBeHHOe monMuoroodpasue B rpyuie SU (2)c®SU(2)c.

Mbr moxem npumeHuTb Teopuio npexncrasienuit mis su(2). IIpencrasmenus o(1,3) Hymepyrorcs napamu
qucen (j,7'). B 4acTHOCTE MOXHO PaCCMOTPETH IBA MIPEACTABIICHU:

(1/2,0): 7(A) = %o-, 7(B)=0 wm 7(J)=—ir(K)= ot )
(0,1/2): 7(A)=0, =(B)= %0 wm 7(J) = in(K) = <o

COMHODHL U3 MEPBOTO MPEACTABIIEHUS O0LIYHO 0003HaUaT & = (%), a CIUHOPHL U3 BTOPOTO IIPEICTABIICHUSL
—n=(na)
O61ee mpeoGpasoanue JIopeHna (M3 CBSI3HON KOMIIOHEHTHI) C YIVIOBBIME HepeMeHHBIME (¢, ) umeer

i 1
¢ (ﬂ)) exp (%acp) exp (—50'0> &,
n ‘Oi@ exp (%mp) exp (%oﬂ) 7.

3necek cucrema K' memkercs orrocuTensro K co ckopocTsio th § B Hanpasnenun @ u moBepHYTA HA YOI
BOKpPYT ocu . Bce BeKTOpHI 3anucansl B cucreme K.

PaccmorpuMm Teneps npocrpancTeenuyto nasepcuio P. [IoHSTHO, YTO OHA OCTABIISET HEU3MEHHBIM IICEB-
mosexkTop J u obpartaer BekTop K. OTO 3HAUUT, 4TO

BUI

(12)

AL B, (1/2,0) <55 (0,1/2).

Y mobHO MOJIOXKNATH
(€")s = £~ (13)

Ananoruyso npu obpalleHnn BpeMeHu

J5 g, KL K A -B

D70 orobpakeHnue BOOOIIE HE SIBIISIETCSI AaBTOMOPMU3MOM ajIreOpsl, U 3TO JIOTUYHO, TAK KaK IpU OOpaIieHnn
BPpEMEHHU BOJTHOBBIC q)yHKI_U/II/I 3aMEHAIOTCA Ha KOMIIJICKCHO-COIIPAXKEHHBIC.
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Mer Bunum, uro “snemenrapusiv” npencrasierneM O(1,3) seiasercs npencrasinenue (1/2,0) ©(0,1/2),
T. €. CIenyeT PAcCMOTPETH Iapy
o= (%),
n

Ha3bBaeMylo 6ucnuropom. KoMmoHeHTHI € U 1) IPUHSATO HA3LIBATL NPA60U U £€601 COOTBETCTBEHHO.

[IycTe Teneps BomHOBasST GyHKIUS 1)y OMUCHIBAET HEMONBUKHYIO 4acTully. 3 P-MHBApHAHTHOCTHU UMEEM
& = Z£np. DTO COOTBETCTBYET HEPEISTUBUCTCKOMY CIYyJa0, KOTIA, IJIS OMUCAHUS YACTUILI HOCTATOUHO
onHoro cuuHopa. Paccmorpum cHauana P-uemmnuie coctosaus §g = 1)9. llepeiinem Temepsb B cucTeMy 0TCUETA,
IOBIKYIIIYIOCS CO CKOPOCTBI0O —v = —mnthf, B koropoil yacTuna umeer dHepruio € = mchf u ummyasc
p = mnshf. B sroit cucreme

1 0 0 e+m+op
= 20-9 = h— h— =
=270 (C g tonshy % 2m(e +m o, (14)

0 e+m —
)502 - Upfo;

np:e_%"efoz chg—ansh— e L
V2m(e +m)
2 2 2 +

Jlerxo BumeTs, 4TO
_Ee+op _e—op

m Tlps Tlp = Tgp-

&p

OTHu COOTHOIIEHNST MOXHO 3aIMUCATH, BBEIS MATpULEL 4 X 4

YIOBJIETBOPSIOIINE COOTHOIICHUSIM
T At = 29", 0 = ()T (16)
Nnmeem
(yp —m)vp = 0.
Bamenss p, — 10y, noinydaeMm ypasnenve Lupara
(90 — m)(z) = 0. (17)

OTo ypaBHeHMe OMUCHIBACT CBOOOMHYIO wacTumy crmHa 1/2. Emy ynosmeTsopsioT mmockue Bomubl (p° =

V7 + )

(o) = e = ey = (8) (184)
n
bop(x) =y pe?t = —7_(_5211; ;-:—nm voe'™,  wp = <_£20> : (18b)

IMocnenuee BbIpaxeHue OMUCHIBAET P-weuemmuble COCTOSHUSA. JTO YACTHBIA CIIydall OOLIEH TEOpPeMBI, 4TO
bepMuoH U aHTHGEPMUOH UMEIOT IPOTUBOIOIOKHYIO YI€eTHOCTD.
Y 100HO BBECTU TAKXKE MATPUILY

. 1 A
v =iyl = ( _1> ;Y= () =L (19)

KOTOpasaA MEHAET 3HaK 7], HO HE MEHJeT f Oumna nossonger BBEIOEJIATH KIPAJIBHBIC KOMIIOHEHTHI

_ (&) _1+7 _ (0 _1=7°
on=(§) =5 w w=(0) =5
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SlBHO mpoBepsercs, 4To npeobpasosanue Jloperua (p, ) naercs

1 — g = exp (%Ecp) exp <%a0> ), (20)

_ (O _ 5.0 _ (O _ 0
2—( U)—vvm a—( _0>—77-

MoxHo sBHO npoBepuUTh, 94TO ecnu daemMeHT g umeer Bug (20), To

roe

-1
9" Mg =N (21)
3amaua. IIpoBepuThb (HOCTATOYHO IPOBEPUTH AJIA OECKOHEYHO MAJIBIX MPEOODA30BAHMIL).

Beenem dupakoscku conpasrcenuviii cnunop

P =30

Jlerko nmpoBepuThH, ITO
P, A, Y,
ABIIAIOTCS CKAJIIPOM, BEKTOPOM, TEH30POM BTOPOTO PAHTa U T. I. COOTBETCTBEHHO. OCTATOYHO IPOBEPUTD,
uro ') — ckanap. Ocranbeoe mpoBepsercsa Tak xke kKak mis SO(3) u marpur Iaymua. IleiictButensHo, ¥
npeobpasyerca B (g1) Ty = T gty = pT~%¢~! wro mokasemaer yreepxmennue.
OTMeTuM TakxKe TEopeMmy, 4To

Y (e <w), Y (m<v<p), v

obpasyioT nosublit 6azuc B anre6pe M (4, C). Ha s1oit Teopeme MOXKHO IOCTPOUTH BCIO TEOPUIO 4-CIIHHOPOB
[0 aHAJIOrMM C Teopuedl 3-cnumHOpoB. Takum ke obpasom momydaem (21), rme MBI MOXEM HOTPeGOBATH,
urobsr g € SL(4,C). Torma g onpenensercsa no A ¢ TOYHOCTHIO 00 3HaKa. OTCHOOA CIIELYeT, YTO CIIMHOPHOE
npencrasnerue miis O(1,3) nBysHauno. OpHO3HAUHBIM mpencTaBieHueM objamaer rpynma SL(2,C), u3
koropoit O(1,3) nonyuaercs daxropusanueir mo {+1}.



