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Bethe equations

Let

shu for A < —1;

sinu for |A]| < 1; cosu for |A| < 1;
s(u) = c(u) =

The explicit form of the Bethe equations:

chu for A < —1.
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Bethe equations

Let

s(u) sinu for |A]| < 1; o(w) cosu for |A| < 1;
u) = u) =
shu for A < —1; chu for A < —1.

The explicit form of the Bethe equations:
( s(ui) )N _ ﬁ s(u; —uj + A) (1)
S(A — uy) joi s(u; — uy —/\)'
(5#1)
Let . .
s(A/2 +iv) L0(v) _ s(A+1iv)
s(\/2 —iv)’ T s(A—iw)’

The variables v; are defined in such a way that |z;| = 1 for real values of v;.

ui = +iv;, P =
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Bethe equations

Let

s(u) sinu for |A]| < 1; o(w) cosu for |A| < 1;
u) = u) =
shu for A < —1; chu for A < —1.

The explicit form of the Bethe equations:

( s(ui) )N: ﬁ s(u; —uj + A) (1)

S(A — uy) joi s(ui —uj; — A)
(3#4)

Let ) )

sV/2+1) gy _ sA+v)

s(\/2 —iv)’ s\ —iv)’

The variables v; are defined in such a way that |z;| = 1 for real values of v;. Take

logarithm of the Bethe equations:

A .
wi = v, P =

Np(v;) =27, +Z€ v; — vj),

where I; € Z+ 4 if n € 2Z and I; € Z if n € 2Z + 1.
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Solving the Bethe equations for the ground state

Let us obtain the ground state, i.e. the state with the largest eigenvalue of the
transfer matrices in the thermodynamic limit. Note that the XXZ one-particle

energy
e(v) = 2A — 2cos p(v)

is an even function, e(—v) = ¢(v) with an absolute minimum at v = 0 and
monotonous for 0 < v < oo if [A] < 1 and for 0 <v < § for A < —1. It means
that the ‘Dirac sea’ must be symmetric.
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Let us obtain the ground state, i.e. the state with the largest eigenvalue of the
transfer matrices in the thermodynamic limit. Note that the XXZ one-particle
energy

e(v) = 2A — 2cos p(v)

is an even function, e(—v) = ¢(v) with an absolute minimum at v = 0 and
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Thus formulate the conjectures:

@ In the ground state all Bethe roots v; are real and, in the thermodynamic
limit, densely fill a region —vp < v < vp.
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Solving the Bethe equations for the ground state

Let us obtain the ground state, i.e. the state with the largest eigenvalue of the
transfer matrices in the thermodynamic limit. Note that the XXZ one-particle
energy
e(v) = 2A — 2cos p(v)

is an even function, e(—v) = ¢(v) with an absolute minimum at v = 0 and
monotonous for 0 < v < oo if [A] < 1 and for 0 <v < § for A < —1. It means
that the ‘Dirac sea’ must be symmetric.
Thus formulate the conjectures:

@ In the ground state all Bethe roots v; are real and, in the thermodynamic

limit, densely fill a region —vp < v < vp.

@ In the ground state all values of I; are consecutive.

@ In the ground state S*/N — 0 as N — oo.
Taking the thermodynamic limit in a usual way, we obtain the integral equations

v

F o dv' YF dv n
OR R L RO  CONM BV OR N C)
—wp 27 —wp 2T N
where p(v) = i’,ri{ is the density of particles = density of states.
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Solving the Bethe equations for the ground state

Let us obtain the ground state, i.e. the state with the largest eigenvalue of the
transfer matrices in the thermodynamic limit. Note that the XXZ one-particle
energy
e(v) = 2A — 2cos p(v)

is an even function, e(—v) = ¢(v) with an absolute minimum at v = 0 and
monotonous for 0 < v < oo if [A] < 1 and for 0 <v < § for A < —1. It means
that the ‘Dirac sea’ must be symmetric.
Thus formulate the conjectures:

@ In the ground state all Bethe roots v; are real and, in the thermodynamic

limit, densely fill a region —vp < v < vp.

@ In the ground state all values of I; are consecutive.

@ In the ground state S*/N — 0 as N — oo.
Taking the thermodynamic limit in a usual way, we obtain the integral equations

v

F o dv' YF dv n
OR R L RO  CONM BV OR N C)
—wp 27 —wp 2T N
where p(v) = i’,ri{ is the density of particles = density of states.
We have
s(A 25(2A
P =—5— g &Y

- s(%—&-iv)s(% —iv) - s(A+iv)s(A — i)’
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Solving the Bethe equations for the ground state

For which values v of v the equation is solvable analytically?
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Solving the Bethe equations for the ground state

For which values v of v the equation is solvable analytically?
o If |A] < 1 the functions p’(v), 8’ (v) ~ e~ 2|l as v — dco. Hence, op = oco.
Hence,

p0) = [ drppe 3)

—o0
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Solving the Bethe equations for the ground state

For which values v of v the equation is solvable analytically?

o If |A] < 1 the functions p’(v), 8’ (v) ~ e~ 2|l as v — dco. Hence, op = oco.

Hence,
S .
o) = [ dkpre 3)
—o0

o If A < —1 the functions p’(v), 0’ (v) are periodic with the period . Hence,

Vp = %
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Solving the Bethe equations for the ground state

For which values v of v the equation is solvable analytically?
o If |A| < 1 the functions p'(v), 6 (v) ~ e~21?l as v — +oo. Hence, op = oo
Hence,

p0) = [ drppe 3)

o If A < —1 the functions p’(v), 0’ (v) are periodic with the period . Hence,
vp = Z. Hence,

T,
pw) =23 pre” ™, )
ke2Z
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Solving the Bethe equations for the ground state

For which values v of v the equation is solvable analytically?
o If |A| < 1 the functions p'(v), 6 (v) ~ e~21?l as v — +oo. Hence, op = oo
Hence,

p0) = [ drppe 3)

o If A < —1 the functions p’(v), 0’ (v) are periodic with the period . Hence,
vp = Z. Hence,

5
o) =2 prev, . (4)
ke2Z
Then

Pk = Pl — 4Pk,
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Solving the Bethe equations for the ground state

For which values v of v the equation is solvable analytically?
o If |A| < 1 the functions p'(v), 6 (v) ~ e~21?l as v — +oo. Hence, op = oo
Hence,

p0) = [ drppe 3)

o If A < —1 the functions p’(v), 0’ (v) are periodic with the period . Hence,
vp = Z. Hence,

z.
pv) =2 pre ™,

(4)
ke2Z
Then
Pk = D) — 0ok,
We have
) sh (W;A)k} , sh (7r722A)k
Pk, Wv 0} W (1Aaf < 1)
pgc — e—>\\k|/27 9 = ef)“kl

(A < —1).
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Solving the Bethe equations for the ground state

For which values v of v the equation is solvable analytically?
o If |A] < 1 the functions p’(v), 8’ (v) ~ e~ 2|l as v — dco. Hence, op = oco.
Hence,
oo

o) = [ dkpre 3)

oo

o If A < —1 the functions p’(v), 0’ (v) are periodic with the period . Hence,
oF = 5. Hence,

o) =2 prev, . (4)
kc2z
Then
Pk = Pl — 03Pk
We have
sh (W;A)k} o sh (7r722A)k A )
Py Sh%k s k <h % (| | < )7
pj = e MEI/2, 0, = e ME] (A < -1).
We have for the density
Pl 1

1Ll = 2k
140, 2chaf
in both cases.
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Solving the Bethe equations for the ground state

For which values v of v the equation is solvable analytically?
o If |A| < 1 the functions p'(v), 6 (v) ~ e~21?l as v — +oo. Hence, op = oo

Hence,
S .
o) = [ dkpre 3)
oo
o If A < —1 the functions p’(v), 0’ (v) are periodic with the period . Hence,
vp=7=

pv) =2 pre ™,

5 - Hence,
)
kec2zZ
Then

Pk = Pl — 4Pk,
We have

sh (W;A)k} sh (7r722A)k
= ——2— | 0, = ——2— Al < 1);
Pk oh 7 k shzE (1Al <1)

/ —Alk|/2
Pl = e K12,

0, = e MFl (A< —1).
We have for the density
/
Pk = e _ !
1+6, 2ch2k

in both cases. Then

n F du 1 S*

— = —p(v)=po==- = — —=0.

N —op 2T 2 N

Lecture 4. Solving Bethe equations



Recall the expression for the eigenvalue

Aui, ot >H“(“’*“ + 0" )H%' (77)
i=1 g
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Recall the expression for the eigenvalue
a(u —u) oa(u — ug)
Alwul, ..., u : + N (u = ?7
(s >|| Iy

Now let us calculate the free energy per vertex of the six-vertex model:

. log Amax(u) VF dv a(iv—u+A/2)
=_ 1 Rk S 1 log —m———=
f==Jim —5 max | loga(u) + Cp 27 P8 )
UF dv a(u—iv—)\/2))
logb — log ————= ).
og b(u) + —op 2T p(v) log b(u —iv — A/2)
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Recall the expression for the eigenvalue
a(u —u) oa(u — ug)
Al ut, ... u || d + ||7 77
(u;ug (u) b(us — ) (w) i b(u — uy) (?7)

Now let us calculate the free energy per vertex of the six-vertex model:

= —max (log a(u) + dv p(v)(—1)p(iu + v),

f=— lim log Amax (u)
—vp 2T

N — oo N

togd(u) + [ 22 pe)pli ) +0) ).

—up 2T
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Recall the expression for the eigenvalue
a(u —u) oa(u — ug)
Al ut, ... u || d + ||7 77
(u;ug (u) b(us — ) (w) i b(u — uy) (?7)

Now let us calculate the free energy per vertex of the six-vertex model:

= —max (log a(u) + dv p(v)(—1)p(iu + v),

f=— lim log Amax (u)
—vp 2T

N — oo N

togd(u) + [ 22 pe)pli ) +0) ).

—up 2T

For vp = U we can use the Fourier transform. For |A]| < 1 we have

f = min (—loga (u) / —p_ kpke “, —logb(u /—pkp ek ")>
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Recall the expression for the eigenvalue

) a(u; —u) “a(u — ug) oo
Al ug, ..., un )H b +b (u)gm. (7?)

Now let us calculate the free energy per vertex of the six-vertex model:

CIow

=2 p()(—i)p(iu +v),

f=— lim log Amax (u)
27

Jim N = — max (log a(u) +

—vE

togd(u) + [ 22 pe)pli ) +0) ).

—up 2T

For vp = U we can use the Fourier transform. For |A]| < 1 we have

f = min (—loga (u) / —p_ kpke “, —logb(u /—pkp ek ")>

By symmetrizing the we find that the two alternatives coincide, so that

/oo dk shuksh Z52k
sh kch k:

% dk sh(A — u)ksh "2k
logb(u)f/o k  shZkchdk
2 2

f=—loga(u)
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In the case A < —1 the free energy reads

1

. 1 1 1 _
f = min [ —loga(u) — £ 5 Lo ek _togpu)— L 57 Lppperorn
ke2Z ke2z
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In the case A < —1 the free energy reads

1 1 1 1
f=min [ —loga(u) — = > —p_pppe™, —logh(u) — = > —pppje"*)
ke2Z k ke2Z k
Finally, we have
sl —Am
e sh 2um
=_1 —u— el
! oga(u) —u mz:l mch Am

X emAmg —u)m
—logb(u) — (A —u) — Z e ™ sh2(A —u)m

m=1

mch Am
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In the case A < —1 the free energy reads

1 1 1 1
f=min [ —loga(u) — = > —p_pppe™, —logh(u) — = > —pppje"*)
ke2Z k ke2Z k
Finally, we have
sl —Am
e sh 2um
=_1 —u— el
! oga(u) —u mz:l mch Am

X emAmg —u)m
—logb(u) — (A —u) — Z e ™ sh2(A —u)m

m=1

mch Am

Why are these two cases so different?
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In the case A < —1 the free energy reads

1 1 1 1
f=min [ —loga(u) — = > —p_pppe™, —logh(u) — = > —pppje"*)
ke2Z k ke2Z k
Finally, we have
sl —Am
e sh 2um
=_1 —u— el
! oga(u) —u mz:l mch Am

X emAmg —u)m
—logb(u) — (A —u) — Z e ™ sh2(A —u)m

m=1

(6)

mch Am

Why are these two cases so different? Because in the case |A| < 1 there is a
gapless spectrum, while in the case A < —1 there is a gap between the two largest
eigenvalues of T'(u) and all other eigenvalues.
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In the case A < —1 the free energy reads

. 1 1 1 1 _
f=min | ~loga(w) ~ = 3 Lo phe, ~logh(u) — = 3 L prretO
ke2Z ke2z
Finally, we have
sl —Am
e sh 2um
=—1 —u— bt
! oga(u) —u Z mch Am
m=1
el —Am
e sh2(A —u)m
— —logb(u) — (A —u) — E:#. (6)

— mchAm
Why are these two cases so different? Because in the case |A| < 1 there is a
gapless spectrum, while in the case A < —1 there is a gap between the two largest
eigenvalues of T'(u) and all other eigenvalues.

What if vp < vp?
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In the case A < —1 the free energy reads

. 1 1 1 1 _
f=min | ~loga(w) ~ = 3 Lo phe, ~logh(u) — = 3 L prretO
ke2Z ke2z
Finally, we have
sl —Am
e sh 2um
=—1 —u— bt
! oga(u) —u Z mch Am
m=1
el —Am
e sh2(A —u)m
— —logb(u) — (A —u) — E:#. (6)

— mch Am

Why are these two cases so different? Because in the case |A| < 1 there is a
gapless spectrum, while in the case A < —1 there is a gap between the two largest
eigenvalues of T'(u) and all other eigenvalues.

What if vp < vp? This case corresponds to general homogeneous six-vertex model
with arbitrary a,a’,b,b’,c,c’. The ratio ¢/c’ is inessential, but nonunit rations
a/a’, b/t correspond to an external field. They can be related to vp. The integral
equations do not have an analytic solution, but can be solved numerically. The
two alternatives for the free energy are different.
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