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L operators and reference state

Recall the definition of the L-operator:

L(u) = Ron(u) ... Roa(u)Ro1 (u) = (é{gzg ggz%) , )
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L operators and reference state

Recall the definition of the L-operator:
A(u) B(u
L) = Rox (). Foa(u)Ron () = () 7). W
These four operators can be represented graphically as
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L operators and reference state

Recall the definition of the L-operator:

L(u) = Ron(u) ... Roa(u)Ro1 (u) = (é{gzg ggz%) , )

These four operators can be represented graphically as
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A(u) B(u) C(u) D(u)

Notice that

[5%, A(w)] = [, D(w)] =0, [5%, B(u)] = —B(u), [ C(u)] = C(u)
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L operators and reference state

Recall the definition of the L-operator:

L(u) = Ron(u) ... Roa(u)Ro1 (u) = (é{gzg ggz%) , )

These four operators can be represented graphically as

A e B

B

u

A(u) B(u) C(u) D(u) 12+)
Notice that

[5%, A(w)] = [, D(w)] =0, [5%, B(u)] = —B(u), [ C(u)] = C(u)

Consider also the pseudovacuum |Q4).
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L operators and reference state

Recall the definition of the L-operator:

L(u) = Ron(u) ... Roa(u)Ro1 (u) = (é{gzg ggz%) , )

These four operators can be represented graphically as

A e B

B
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A(u) B(u) C(u) D(u) 12+)
Notice that

[5%, A(w)] = [, D(w)] =0, [5%, B(u)] = —B(u), [ C(u)] = C(u)

Consider also the pseudovacuum |24). It can be defined as

C(w)4) =
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L operators and reference state

Recall the definition of the L-operator:

L(u) = Ron(u) ... Roa(u)Ro1 (u) = (é{gzg ggz%) , )

These four operators can be represented graphically as

A e B

B

A(w)  B(w)  C(u)  D(u) 1€24)
Notice that
[5% A(w)] = [$%, D(w)] = 0, [S% B(uw)] = =B(u), [5%,C(u)] = C(u)
Consider also the pseudovacuum |24). It can be defined as

C(w)4) =

How to flip spins?
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L operators and reference state

Recall the definition of the L-operator:

L(u) = Ron(u) ... Roa(u)Ro1 (u) = (é{gzg ggz%) , )

These four operators can be represented graphically as

A e B

B

u

A(u) B(u) C(u) D(u) 12+)
Notice that

[5%, A(w)] = [, D(w)] =0, [5%, B(u)] = —B(u), [ C(u)] = C(u)

Consider also the pseudovacuum |24). It can be defined as

C(w)4) =

How to flip spins? By means of B(u) operators.

Michael La

> Bethe Ansatz



n = 1 case

Indeed, let
lut,u2,...,ur) = B(u1)B(u2) ... B(ug)|Q4+). (2)
Then N
S%lut, ... ug) = (E —k) lut, ..., ug).
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n = 1 case
Indeed, let

lut, u2, ..., uk) = Bur)B(u2) ... Bug)|Q4).
Then

N
(5 —k> [ty ..., ug).

2)

S*lur, ... uk)

Consider the case n = 1. You see that

+
+ la +
l
N + |lc —
VV’,
Bw)|s) =3 !
n=1 1
b +
b +
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n = 1 case

Indeed, let
‘u17u27"'7uk) :B(ul)B(UQ)B(uk)|Q+> (2)
Then N
S%lut, ... ug) = (E —k) lut, ..., ug).

Consider the case n = 1. You see that
+
+ la +

N
B(w)|y) = Z Zb" H(w)e(w)aN T (u)|n)

+%b7+
+ b +

c Bethe Ansatz
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n = 1 case

Indeed, let
‘u17u27"'7uk) :B(ul)B(UQ)B(uk)|Q+> (2)
Then N
S%lut, ... ug) = (E —k) lut, ..., ug).

Consider the case n = 1. You see that
+
+ la +
N
Bu)lQy) = Z =30 et " wi)
4
o R _aN(u)e(w) blu)\"™
- (a)

+ +
n

-

S
+

> Bethe Ansatz
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n = 1 case

Indeed, let
‘u17u27"'7uk) :B(ul)B(UQ)B(uk)|Q+> (2)
Then N
S%lut, ... ug) = (E —k) lut, ..., ug).

Consider the case n = 1. You see that
+
+ la +

N
B(w)|y) = Z Zb" H(w)e(w)aN T (u)|n)

+<fu_ a® (u)c(u) b(u) \"
b+ - T > (acg)
‘We see that
o b(u)
B ~ 30, 2 = p.

n=1

It is a Bethe wave function, if 2 (u) = 1.
ct . - Bethe Ansataz
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n=2c

Let n = 2. We have B(u1)B(u2)|Q4) =




n = 2 case

Let n = 2. We have B(u1)B(u2)|Q4) =
+ o+
4 |az |a1 +

Vi, ez b1 —

ni<ng Vnr1+ by cp —
4 by by

+ b2 [b1 +

where a; = a(u;), a;j = a(u; —uj) and so on, z; = b;/a;.
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Let n = 2. We have B(u1)B
++
az |a1 +

co b1 —

>

ni<ng

+ ibo

Vi, b2 e -

by +

+  |b2

b1 +

where a; = a(u;), a;j = a(

(u2)|2y) =
++
a2 |aj +

Vi 9244

+  c2 ;a1 —

Vi s
4 by by 4
+ b2 [b1 +

u; —uj) and so on, z; = b;/a;.
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n = 2 case

Let n = 2. We have B(u1)B(u2)|Q4) =

+ 1+
+_ |a2 |a1 +

co by —

+ |+ + )+
+_ a2 |a1 + 1 la2 |a1 +

‘/”2 ‘t_‘_’_ ‘/”’2 +4_’ai‘01_7 \/,”2 %

: V,,+ c2 E01 +

) s IR I
ni<nz V'MJF b2 a1 — Vm+ c2 ja1— ni<n<ng an+ by ic1 —
4 by by + 4+ by by + + by b1+

4 |b2 |1+ 4 |b2 |1+ b2 |1 +

where a; = a(u;), aij

= a(u; — u;) and so on, z; = b;/a;.
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n = 2 case

Let n = 2. We have B(u1)B

++
az |a1 +

’lL2 ‘Q+

++
a2 |aj +

+ 4
4 |a2 |a1 +

@ bic oy, qmac Vi 82481
v +<_‘CL,017+
> N LS
n<ne ‘/nlﬁ—'bL‘Cl_i an+‘—‘_62 s misnsn an+‘—ibL‘CI_7
+ by b1+ o iba by 4 b bt
N TS A + by b1 + + bo [b1 +
N, N
ay ay ci1c2 Z (a21 nyng a12 ny "1)
_ @ aycica 22D 22220 ) ng, na),
b1b2 ni<ns b21 b1

where a; = a(u;), ai; = a(u

i —uj) and so on, z; = b;/a;.
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n = 2 case

Let n = 2. We have B(u1)B(u2)|Q4) =

+ o+ + o+ + o+

vj&_‘&'bl_* \/Mﬁ_’&!cl_* Vi, %
V,,,+ c2 E01 +

) s e
ni<nz V'MJF b2 a1 — Vm+ c2 ja1— ni<n<ng an+ by ic1 —
4 by by + 4+ by by + + by b1+
4 |b2 |1+ 4 |b2 |1+ b2 |1 +

N _ N
aj ay c1c2 a1 nq SN2 a12 ny mq
= o E 5 — 2z 2y + by — 21?2 In1,n2),
1b2 ni<ny \021 12
where a; = a(u;), ajj = a(u; —u;) and so on, z; = b;/a;. We see that

B(u1)B(u2)[2+) = B(u2)B(u1)|24),

and it is a Bethe vector.
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n = 2 case

Let n = 2. We have B(u1)B(u2)|Q4) =

+ o+ + o+ + o+

vj&_‘&'bl_* \/Mﬁ_’&!cl_* Vi, %
V,,,+ c2 E01 +

) s e
ni<nz V'MJF b2 a1 — Vm+ c2 ja1— ni<n<ng an+ by ic1 —
4 by by + 4+ by by + + by b1+
4 |b2 |1+ 4 |b2 |1+ b2 |1 +

N, N
= G194 a2 Zfb?cQ mg:m (Z;l 21 2% + b112 z?zz;”) In1,na),
where a; = a(u;), ajj = a(u; —u;) and so on, z; = b;/a;. We see that
B(u1)B(u2)[Q4) = B(uz)B(u1)[24),
and it is a Bethe vector. It can be checked that
a12b21

Sz, 22) = bizaz:

Michael Lask



Commutation relations

We want to derive the Bethe equations in an alternative way.
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Commutation relations

We want to derive the Bethe equations in an alternative way. Since
T(u) = A(u) + D(u), we have to calculate the vectors

T(w)ur, ... up) = (A(w) + D(w)B(u1) B(uz) - - - B(ug)[Q2+).

What are the conditions, under which these vectors are proportional to
[w1, ... ug)?
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Commutation relations

We want to derive the Bethe equations in an alternative way. Since
T(u) = A(u) + D(u), we have to calculate the vectors

T(w)ur, ... up) = (A(w) + D(w)B(u1) B(uz) - - - B(ug)[Q2+).

What are the conditions, under which these vectors are proportional to
[ut,. .. ug)?
First, find the commutation relations of the operators A(u), ..., D(u). We have

Ria(u1 — u2)L1(u1)La(uz) = La(uz2)L1(u1)Ri2(u1 — u2).
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Commutation relations

We want to derive the Bethe equations in an alternative way. Since
T(u) = A(u) + D(u), we have to calculate the vectors

T(w)ur, ... up) = (A(w) + D(w)B(u1) B(uz) - - - B(ug)[Q2+).

What are the conditions, under which these vectors are proportional to
[ut,. .. ug)?
First, find the commutation relations of the operators A(u), ..., D(u). We have

Ria(u1 — u2)L1(u1)La(uz) = La(uz2)L1(u1)Ri2(u1 — u2).

+argyt + +
+§+

or

_ — _vYe12y_
uz Ul u2 Ul
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Commutation relations

We want to derive the Bethe equations in an alternative way. Since
T(u) = A(u) + D(u), we have to calculate the vectors

T(w)ur, ... up) = (A(w) + D(w)B(u1) B(uz) - - - B(ug)[Q2+).

What are the conditions, under which these vectors are proportional to
[ut,. .. ug)?
First, find the commutation relations of the operators A(u), ..., D(u). We have

Ria(u1 — u2)L1(u1)La(uz) = La(uz2)L1(u1)Ri2(u1 — u2).

+argyt + +
+§+

or

_ . _Ya12y_
u2 Ul u2 u1
First, the ft—component of this relation gives
B(u1)B(uz) = B(uz)B(u1). 3)

It means that the states (2) are symmetric in w;.
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Commutation relations

To commute T'(u) with B(u;) we will need the commutations of operators A(u)
and D(u) with B(u):
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Commutation relations

To commute T'(u) with B(u;) we will need the commutations of operators A(u)
and D(u) with B(u):

<

u2 U1 uz2 Ul u2 U1
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Commutation relations

To commute T'(u) with B(u;) we will need the commutations of operators A(u)
and D(u) with B(u):

a(ur — u2)B(u1)A(uz) =

+iagyt + + + +
+><+

= +

+ - - +
+ - +¥e12y_ +Yb12V_
u2 ul u2 ul u2 Ul

= c(ur —u2)B(u2)A(u1) + b(ur — u2)A(u2)B(u1)
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Commutation relations

To commute T'(u) with B(u;) we will need the commutations of operators A(u)
and D(u) with B(u):

a(uz — u1)B(u1)D(uz) =

— + :%I 1b21j
[

_V¥a21Vv_ — — - —
up u2 up u2 up u2

= c¢(uz —u1)B(u2)D(u1) + b(uz — u1)D(uz)B(u1)
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Commutation relations

To commute T'(u) with B(u;) we will need the commutations of operators A(u)
and D(u) with B(u):

a(uz — u1)B(u1)D(uz) =

— + :%i 11,21 j
[

_V¥a21Vv_ — — - —
up u2 up u2 up u2

= c¢(uz —u1)B(u2)D(u1) + b(uz — u1)D(uz)B(u1)

Finally we have
a(ur — u2)B(u1)A(uz) = c(ur — uz)B(uz)A(u1) + b(ur — u2) A(uz)B(u1), (4)
a(uz — u1)B(u1)D(u2) = c(uz —u1)B(u2)D(u1) + bluz — u1)D(u2)B(u1). (5)

> Bethe Ansatz
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Action of the transfer matrix: n =1

Apply these formulas to the action of the transfer matrix.
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Action of the transfer matrix: n =1

Apply these formulas to the action of the transfer matrix. Let us start from n = 1:

T(w)lu1) = (A(w) + D(w)) B(u1)[2+)

B (Z((Zii:z))B(ul)A(u) + %B(ul)D(U)
c(ur —u) c(u—u1)
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Action of the transfer matrix: n =1

Apply these formulas to the action of the transfer matrix. Let us start from n = 1:

T(w)lu1) = (A(w) + D(w)) B(u1)[2+)

B (Z((Zii:z))B(ul)A(u) + %B(ul)D(U)
c(ur —u) c(u—u1)

Taking into account that A(u)|Q4) = a¥ (u)|Q4), D(u)|Q4) = b (u)|Q4).
A@w)24) D)
+ —
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Action of the transfer matrix: n =1

Apply these formulas to the action of the transfer matrix. Let us start from n = 1:

T(w)lu1) = (A(w) + D(w)) B(u1)[2+)

_ (a(u1 —u) ” u a(u —u) ” ”
= (H = B Aw) + S B DG
_c(ul—u) W A(u _c(u—ul) W D(u
S b)) — 5 B D) ) 2).
Taking into account that A(u)|Q4) = a® (u)|Q4), D(u)|Q+) = bV (u)|Q4). We
conclude that A(w)|Qy) D(w)|2y)
a(uy —u a(u—wu + —
Thn) = (=0 )+ 5= () )
(el )y
(F =) + 5= ) ) .
+ —
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Action of the transfer matrix: n =1

Apply these formulas to the action of the transfer matrix. Let us start from n = 1:

T(w)lu1) = (A(w) + D(w)) B(u1)[2+)

_ (a(u1 —u) u u a(u —u1) u u
= (H = B Aw) + S B DG
_c(ur —w) W A(u _c(u—wu) W D(u
S b)) — 5 B D) ) 2).
Taking into account that A(u)|Q4) = a® (u)|Q4), D(u)|Q+) = bV (u)|Q4). We
conclude that A(w)|Qy) D(w)|2y)
— a(ul—u)aNu a(u —u1) Neo 1 * _
Thn) = (=0 )+ 5= () )
() ) N
(F =) + 5= ) ) .
The vector |u1) is an eigenvector of T'(u) it the second term vanishes: n —

(b(ul))N _ (c(ul — w)b(u — uy)

= N =1
a(u1) c(u —u1)b(ur — u)) =1 = ! !
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Action of the transfer matrix: n =1

Apply these formulas to the action of the transfer matrix. Let us start from n = 1:

T(w)lu1) = (A(w) + D(w)) B(u1)[2+)

_ (a(u1 —u) u u a(u —u1) u u
= (H = B Aw) + S B DG
_c(ur —w) W A(u _c(u—wu) W D(u
S b)) — 5 B D) ) 2).
Taking into account that A(u)|Q4) = a® (u)|Q4), D(u)|Q+) = bV (u)|Q4). We
conclude that A(w)|Qy) D(w)|2y)
— a(ul—u)aNu a(u —u1) Neo 1 * _
Thn) = (=0 )+ 5= () )
() ) N
(F =) + 5= ) ) .
The vector |u1) is an eigenvector of T'(u) it the second term vanishes: n —

(b(ul))N _ (c(ul — w)b(u — uy)

a(u1) c(u —u1)b(ur —u)

The corresponding eigenvector is

):1 =3 Z{V:L

. :aNua(ul—u) Nua(u—ul)
Alwsu) ( )b(ul—u) b )b(u—ul)'
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n
clu; —u
B L N I IR e ¥

= bu — w;)

(6)
where " ( ) " ( )
a(u;ur, 7un)—aN(u) A — Y ,  O0(u;u, ,un):bN(u) o

' g b(u; —u ! 2:1_[1 b(u — u;)
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Thus the action of the transfer matrix is
T(w)|ut,...,un) = A(u;ut,...,un)lul,...,un) + unwanted terms,

where
Alusut, ... un) = a(u;ut, ... un) +0(u;ur, ..., un)
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Bethe equations and transfer matrix eigenvalue

Since EEZ; = CE L the unwanted terms in the r.h.s. have the form
c(u; —u)

(a(uizuty ey @iy evy Un) =0(Uis ULy oy Wiy vy Un ) U UL+ ey Wiy e ey U
b(u; —u)
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Bethe equations and transfer matrix eigenvalue

Since EEZ; = CE L the unwanted terms in the r.h.s. have the form
c(u; —u)

——— (Ui ut, o Wiy ey Un) =0 (U3 UL, -y Wiy e Un )| Uy UL, e Ty ey Un )
b(u; —u)

They vanish, if the Bethe equations are satisfied:
(Ui Uty Uy ooy Un) = 0(Ui3 ULy ey Ty ooy Un)
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Bethe equations and transfer matrix eigenvalue

Since EEZ; = c( ), the unwanted terms in the r.h.s. have the form

c(u; —u . P P
M(a(uﬁulvﬂ-auiw“7un)_6(ui§ul7-~vauiv-~v7Un))‘u7u17---7ui7~-~7un>'
b(u; —u)

They vanish, if the Bethe equations are satisfied:
(Ui Uty Uy ooy Un) = 0(Ui3 ULy ey Ty ooy Un)

or

(b(uz') )N _ ﬁ auj — ui)b(ui —uj) )
i

a(u;) 1 0wy — ui)a(uq — uy)
(5#1)
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Bethe equations and transfer matrix eigenvalue

Since EEZ; = c( ), the unwanted terms in the r.h.s. have the form
c(u; —u) . . .
(Ui UL,y ey Wy ey Un )= O (UG ULy e ey Wiy e v ey U ) )Wy ULy ey Ty e ey Un )
b(u; —u)
They vanish, if the Bethe equations are satisfied:
QUi ULy Wy ey Un) = O(Ui3 ULy e Wiy ey Un)

or

(b(u”)N B ﬁ a(uj — ui)b(u; — uy) )

a(uz) j=1 b(uj — uz)a(uz — Uj)
(3#1)

Subject to these equations the vectors |ui,...,un) are eigenvectors with the
eigenvalues

A(u;ul,..., )H a(uliu bN(u)HM (9)

b(u; —u)
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Explicit form of the Bethe equations

Let

s(u) sinu for |A]| < 1; o(w) cosu for |A| < 1;
u) = u) =
shu for A < —1; chu for A < —1.

The explicit form of the Bethe equations:

( s(uq) )N _ ﬁ s(u; —uj + >\). (10)

S(A — uy) joi s(ui —uj; — A)
(3#19)
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Explicit form of the Bethe equations

Let

s(u) sinu for |A]| < 1; o(w) cosu for |A| < 1;
u) = u) =
shu for A < —1; chu for A < —1.

The explicit form of the Bethe equations:
( s(ui) )N _ ﬁ s(u; —uj + A) (10)
S(A — uy) joi s(u; — uy —/\)'
(5#1)
Let . .
s(A/2 +iv) L0(v) _ s(A+1iv)
s(\/2 —iv)’ T s(A—iw)’

The variables v; are defined in such a way that |z;| = 1 for real values of v;.

ui = +iv;, P =
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Explicit form of the Bethe equations

Let

s(u) sinu for |A]| < 1; o(w) cosu for |A| < 1;
u) = u) =
shu for A < —1; chu for A < —1.

The explicit form of the Bethe equations:

( s(ui) )N: ﬁ s(ui—uj-l—)\). (10)

S(A — uy) joi s(ui —uj; — A)
(3#4)

Let ) )

sV/2+1) gy _ sA+v)

s(\/2 —iv)’ s\ —iv)’

The variables v; are defined in such a way that |z;| = 1 for real values of v;. Take

logarithm of the Bethe equations:

A .
wi = v, P =

Np(v;) =27, +Z€ v; — vj),

where I; € Z+ 4 if n € 2Z and I; € Z if n € 2Z + 1.
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