
Ëåêöèÿ 11
Çàäà÷à Êîíäî: ðåøåíèå óðàâíåíèé Áåòå

Â ïðîøëîé ëåêöèè áûëè ïîëó÷åíû óðàâíåíèÿ Áåòå äëÿ sd-ìîäåëè:

eipaL = eiJS
n∏

i=1

vi + i/2
vi − i/2

, (1)

(
vi + i/2
vi − i/2

)N
vi + iS + 1/g

vi − iS + 1/g
= −

n∏

j=1

vi − vj + i

vi − vj − i
, (2)

a = 1, . . . , N, i, j = 1, . . . , n,

ïðè÷åì
g =

1
S + 1/2

tg J(S + 1/2). (3)

Ýíåðãèÿ ñèñòåìû ðàâíà1

E =
N∑

a=1

pa. (4)

Òåïåðü ìû áóäåì èññëåäîâàòü ýòè óðàâíåíèÿ â òåðìîäèíàìè÷åñêîì ïðåäåëå L →∞, N →∞.
Ïðîëîãîðèôìèðóåì óðàâíåíèÿ Áåòå:

paL = 2πIa + JS −
n∑

i=1

(π + p(vi)), (5)

Np(vi) + δS(vi) = 2πJi +
n∑

j=1

Φ(vi − vj), (6)

p(v) = 2 arctg 2v, δS(v) = p((v + 1/g)/2S), Φ(v) = p(v/2), (7)

Ia ∈ Z, Ji ∈
{
Z, n ∈ 2Z+ 1,

Z+ 1/2. n ∈ 2Z.
(8)

Ïðè ýòîì âñå ÷èñëà Ji äîëæíû áûòü ïîïàðíî ðàçëè÷íû è âñå ÷èñëà Ia òîæå.
Ïîëíàÿ ýíåðãèÿ ñèñòåìû (4) ðàçáèâàåòñÿ íà äâà âêëàäà:

E = Ech + Esp, (9)

Ech =
2π

L

N∑
a=1

Ia − πN2

2L
, (10)

Esp =
πN2

2L
+

NJS

L
− N

L

n∑

i=1

(π + p(vi))

= −2π

L

n∑

i=1

Ji +
π

L
N

(
N

2
− n

)
+

NJS

L
+

1
L

n∑

i=1

δS(vi), (11)

Ñëàãàåìîå −πN2/2L äîáàâëåíî ê çàðÿäîâîé ýíåðãèè, ÷òîáû ïðè J = 0, n = N/2 îòíîøåíèå Esp/Ech
îáðàùàëîñü â íîëü â òåðìîäèíàìè÷åñêîì ïðåäåëå.

Íàéäåì ñíà÷àëà îñíîâíîå ñîñòîÿíèå. ×òîáû ïðîöåäóðà ìèíèìèçàöèè ýíåðãèè áûëà êîððåêòíî
îïðåäåëåíà, ñëåäóåò ââåñòè îáðåçàíèå −εF ïî äëÿ îòðèöàòåëüíûõ èìïóëüñîâ. Èìåííî, ñëåäóåò ïî-
òðåáîâàòü, ÷òîáû â N -÷àñòè÷íîì îñíîâíîì ñîñòîÿíèè âñå óðîâíè îòðèöàòåëüíîãî èìïóëüñà (ýíåð-
ãèè) â èíòåðâàëå [−εF , 0] áûëè áû çàïîëíåíû. Ïîñêîëüêó ïëîòíîñòü ñîñòîÿíèé ïî pa ðàâíà 2 L

2π ,
èìååì

N =
LεF

π
. (12)

1Ìû ïðèíÿëè vF = 1. ×òîáû âîññòàíîâèòü ôèçè÷åñêèå îïðåäåëåíèÿ ïåðåìåííûõ, ñëåäóåò âñþäó ñäåëàòü çàìåíó
E → E/vF , J → J/vF .
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Ïîýòîìó òåðìîäèíàìè÷åñêèé ïðåäåë îïðåäåëÿåòñÿ êàê

L →∞, N →∞,
N

L
=

εF

π
= const ,

Óðîâåíü Ôåðìè εF ñëåäóåò ðàññìàòðèâàòü êàê ïàðàìåòð ìîäåëè.
×èñëà Ia äîëæíû óäîâëåòâîðÿòü óñëîâèþ

Ia & − εF

2πL
= −N

2
.

Â îñíîâíîì ñîñòîÿíèè Ia ïðîáåãàþò çíà÷åíèÿ ïðèìåðíî îò −N/2 äî N/2 è, ñëåäîâàòåëüíî,
∑

a Ia ¿
N2. Ïîýòîìó â òåðìîäèíàìè÷åñêîì ïðåäåëå çàðÿäîâàÿ ýíåðãèÿ ðàâíà

Ech = −πN2

2L
= −L

εF
2

2π
. (13)

Íàéäåì äîïóñòèìóþ îáëàñòü äëÿ ÷èñåë Ji. Ïðè vi → +∞ èç (6) èìååì Ji → (N +2−n)/2, à ïðè
vi → −∞ èìååì Ji → −(N + 2− n)/2. Ïîýòîìó

−N + 1− n

2
≤ Ji ≤ N + 1− n

2
. (14)

×òîáû íàéòè ìèíèìóì ïî ñïèíîâûì ñîñòîÿíèÿì ýëåêòðîíîâ, ïðåäïîëîæèì, ÷òî J äîñòàòî÷íî ìàëî,
òàê ÷òî äâóìÿ ïîñëåäíèìè ÷ëåíàìè â (11) ìîæíî ïðåíåáðå÷ü. Ïåðâûé ÷ëåí â Esp ïàäàåò ñ ðîñòîì Ji,
ïîýòîìó ìîæíî ïðåäïîëîæèòü, ÷òî îñíîâíîìó ñîñòîÿíèþ ñîîòâåòñòâóþò ïîëíîå çàïîëíåíèå äîñòà-
òî÷íî áîëüøèõ Ji. Ñëåäîâàòåëüíî, èìååòñÿ íåêîòîðîå çíà÷åíèå Jmin, òàêîå ÷òî â îñíîâíîì ñîñòîÿíèè
êîðíÿì îòâå÷àþò âñå

Jmin ≤ Ji ≤ N − n

2
. (15)

Â ïåðåìåííûõ vi ýòî ñîîòâåòñòâóåò èíòåðâàëó

−b ≤ v < +∞ (16)

Ïîëàãàÿ Ji = i â (6) è äèôôåðåíöèðóÿ ïî vi, ïîëó÷èì

ρ(v) = a1(v) +
1
N

a2S(v + 1/g)−
∫ ∞

−b

dv′ a2(v − v′)ρ(v′), −b ≤ v < ∞, (17)

ãäå ρ(v) = 1
N

dI
dv , à

at(v) =
2
π

t

4v2 + t2
. (18)

Ïðè ýòîì
n = N

∫ ∞

−b

dv ρ(v). (19)

Ýòî çíà÷èò, ÷òî ñóììàðíûé ñïèí ðàâåí

Sz =
N

2
+ S −N

∫ ∞

−b

dv ρ(v). (20)

Ñïèíîâàÿ ýíåðãèÿ ðàâíà

Esp =
NεF

2
− NεF

π

∫ ∞

−b

dv ρ(v)(π + p(v)). (21)

Ðàçëîæèì ïëîòíîñòü ïî ñòåïåíÿì 1/N äî ïåðâîãî ïîðÿäêà

ρ(v) = ρ0(v) +
ρ1(v)

N
. (22)
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Óðàâíåíèå äëÿ ρ0

ρ0(v) = a1(v)−
∫ ∞

−b

dv′ a2(v − v′)ρ0(v′), −b ≤ v < ∞, (23)

ñîâïàäàåò ñ èíòåãðàëüíûì óðàâíåíèåì äëÿ XXX-ìîäåëè. Âû÷èòàÿ (23) èç (17), ïîëó÷èì

ρ1(v) = a2S(v + 1/g)−
∫ ∞

−b

a2(v − v′)ρ1(v′), −b ≤ v < ∞. (24)

Íàìàãíè÷åííîñòü ðàñïàäàåòñÿ íà ýëåêòðîííóþ è ïðèìåñíóþ ÷àñòè:

Sz = NMel + Mim, Mel =
1
2
−

∫ ∞

−b

dv ρ0(v), Mim = S −
∫ ∞

−b

dv ρ1(v). (25)

Ñïèíîâàÿ ýíåðãèÿ ðàñïàäàåòñÿ íà äâå ÷àñòè

Esp = Eel
sp + Eim, (26)

Eel
sp = εF

(
N

2
− n

)
− 2εF

∫ ∞

−b

dv J0(v)ρ0(v), (27)

Eim = −εF

π

∫ ∞

−b

dv ρ1(v)(π + p(v)). (28)

Ýëåêòðîííóþ ÷àñòü ýíåðãèè íåòðóäíî âû÷èñëèòü. Äåéñòâèòåëüíî,
∫ ∞

−b

dv J(v)ρ(v) =
1
N

∫ ∞

−b

dv J(v)
dJ(v)

dv
=

1
N

∫ (N−n)/2

Jmin
dJ J =

1
2N

(
N − n

2

)2

− J2
min
2N

.

Êðîìå òîãî,
N − n

2
− Jmin = N

∫ ∞

−b

dv ρ(v) = n.

Îòñþäà
Jmin =

N − 3n

2
(29)

è ∫ ∞

−b

dv J(v)ρ(v) =
n

2
− n2

N
. (30)

Îêîí÷àòåëüíî, íàõîäèì â ëèäèðóþùåì ïî 1/N ïîðÿäêå

Eel
sp = NεF M2

el = NεF
(Sz)2

N2
. (31)

Îòñþäà ëåãêî ïîëó÷èòü ñâÿçü ìåæäó Sz è ìàãíèòíûì ïîëåì H. Äåéñòâèòåëüíî, ìèíèìèçàöèåé
ôóíêöèè Eel

sp(H) = Eel
sp −HSz ïî Sz íàõîäèì

H =
2εF

N
Sz. (32)

Ýòî ïðîñòî âêëàä s-ýëåêòðîíîâ â ïàðàìàãíåòèçì Ïàóëè. Ýòà ôîðìóëà òî÷íà â íóëåâîì ïîðÿäêå
ïî 1/N è åå ìîæíî èñïîëüçîâàòü â äàëüíåéøåì äëÿ âû÷èñëåíèÿ ñâÿçè ìåæäó H è b. ×òîáû ïîëó-
÷èòü (32) íàì íå ïîòðåáîâàëîñü ðåøàòü ÿâíî óðàâíåíèÿ Áåòå (23). Îäíàêî ðåøàòü èõ íåïðåìåííî
ïðèäåòñÿ, åñëè ìû çàõîòèì óñòàíîâèòü ñâÿçü ìåæäó b è n.

Íà÷íåì ñî ñëó÷àÿ b = ∞. Èíòåãðàëüíûå óðàâíåíèÿ (23) è (24) â ýòîì ñëó÷àå ìîæíî ðåøèòü
ìåòîäîì Ôóðüå. Ëåãêî ïðîâåðèòü, ÷òî

ãt(k) =
∫ ∞

−∞
dv at(v)eikv = e−t|k|/2. (33)
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Îòñþäà èìååì

ρ̃0(k) = e−|k|/2 − e−|k|ρ̃0(k), ρ̃1(k) = e−S|k|−ik/g − e−|k|ρ̃1(k).

Ñëåäîâàòåëüíî,

ρ̃0(k) =
1

2 ch k
2

, ρ̃1(k) =
e−(S−1/2)k−ik/g

2 ch k
2

. (34)

Îñîáûé èíòåðåñ ïðåäñòàâëÿåò òî÷êà k = 0:

ρ̃0(0) =
∫

dv ρ0(v) =
1
2
, ρ̃1(0) =

∫
dv ρ1(v) =

1
2
. (35)

Îòñþäà ïîëó÷àåì

Mel = 0, (36a)
Mim = S − 1/2. (36b)

Ïåðâàÿ ôîðìóëà (36a) îçíà÷àåò, ÷òî ñëó÷àé b = −∞ ñîîòâåòñòâóåò ñëó÷àþ íóëåâîãî ýëåêòðîííîãî
ìàãíèòíîãî ìîìåíòà, ò. å. íóëåâîãî âíåøíåãî ìàãíèòíîãî ïîëÿ. Áîëåå òî÷íî, ýòî ñîîòâåòñòâóåò
ïðåäåëó H → 0+, ïîñêîëüêó êîíå÷íûì b ñîîòâåòñòâóåò ïîëîæèòåëüíîå ìàãíèòíîå ïîëå. Ôîðìóëà
(36b) îçíà÷àåò, ÷òî â ñëàáîì ìàãíèòíîì ïîëå öåïî÷êà ïðèîáðåòàåò ìîìåíò Sz = S − 1/2, òî åñòü
ñïèí öåïî÷êè ðàâåí S − 1/2. Ýòî çíà÷èò, ÷òî ñïèí ïðèìåñè ÷àñòè÷íî ýêðàíèðóåòñÿ ýëåêòðîíàìè è
îñíîâíîå ñîñòîÿíèå 2S-êðàòíî âûðîæäåíî.

Ðàññìîòðèì òåïåðü ñëó÷àé
1 ¿ b < ∞. (37)

Óñëîâèå b À 1 ñîîòâåòñòâóåò ôèçè÷åñêè îñìûñëåííîìó ðåæèìó íå ñëèøêîì ñèëüíîãî ìàãíèòíîãî
ïîëÿ H ¿ εF . Èíòåãðàëüíûå óðàâíåíèÿ ñ îäíèì êîíå÷íûì ïðåäåëîì ðåøàþòñÿ ìåòîäîì Âèíåðà�
Õîïôà. Èçëîæèì âêðàòöå ýòîò ìåòîä.

Ïóñòü èìååòñÿ óðàâíåíèå

f(x) +
∫ ∞

0

dx′K(x− x′)f(x′) = g(x), x > 0. (38)

Ìîæíî ïðîèçâîëüíî ïðîäîëæèòü äàííóþ ôóíêöèþ g(x) â îáëàñòü îòðèöàòåëüíûõ x è ðàñïðîñòðà-
íèòü óðàâíåíèå íà âñþ îñü. Ïðè ýòîì çíà÷åíèÿ f(x) ïðè x < 0 íåñóùåñòâåííû, à ðåøåíèå f(x) ïðè
x > 0 íå çàâèñèò îò ýòîãî ïðîäîëæåíèÿ.

Ñäåëàåì ïðåîáðàçîâàíèå Ôóðüå:

f̃+(k) =
∫ ∞

0

dx eikxf(x), f̃−(k) =
∫ 0

−∞
dx eikxf(x). (39)

Ôóíêöèÿ f̃+(k) (f̃−(k)) íå èìååò îñîáåííîñòåé â âåðõíåé (íèæíåé) ïîëóïëîñêîñòè. Çäåñü è íèæå
òàêîå ñâîéñòâî áóäåò ïðåäïîëàãàòüñÿ äëÿ âñåõ ôóíêöèé ñ èíäåêñàìè ±.

Óðàâíåíèå (38) ïðèíèìàåò âèä

(1 + K̃(k))f̃+(k) + f̃−(k) = g̃(k). (40)

Ïðåäñòàâèì ÿäðî K̃(k) â âèäå

1 + K̃(k) =
K̃+(k)
K̃−(k)

. (41)

Êðîìå òîãî, ïîëîæèì
K̃−(k)g(k) = q̃+(k) + q̃−(k). (42)

Óìíîæàÿ (40) íà K̃−(k), ïîëó÷àåì

K̃+(k)f̃+(k) + K̃−(k)f̃−(k) = q̃+(k) + q̃−(k). (43)
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Ïåðåíåñåì âñå ôóíêöèè, íå èìåþùèå îñîáåííîñòåé â âåðõíåé ïîëóïëîñêîñòè â ëåâóþ ÷àñòü:

K̃+(k)f̃+(k)− q̃+(k) = q̃−(k)− K̃−(k)f̃−(k).

Ëåâàÿ ÷àñòü íå èìååò îñîáåííîñòåé â âåðõíåé ïîëóïëîñêîñòè, à ïðàâàÿ � â íèæíåé. Òàêèì îáðàçîì,
îáå ÷àñòè ýòîãî óðàâíåíèÿ íå èìåþò îñîáåííîñòåé. Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ
íà ðîñò ôóíêöèé (êîòîðûå íàäî ïðîâåðÿòü îòäåëüíî â êàæäîì êîíêðåòíîì ñëó÷àå), îòñþäà ñëåäóåò,
÷òî

K̃+(k)f̃+(k) = q̃+(k), K̃−(k)f̃−(k) = q̃−(k), (44)
îòêóäà ñëåäóåò, ÷òî

f(x) =
∫ ∞

−∞

dk

2π

q̃+(k)
K̃+(k)

e−ikx, x > 0. (45)

Ïîñòðîåíèå ôóíêöèé, àíàëèòè÷åñêèõ â âåðõíåé èëè íèæíåé ïîëóïëîñêîñòè ñîñòàâëÿåò íåêîòî-
ðîå èñêóññòâî, íî äëÿ ðàçóìíûõ ôóíêöèé, âûðàæàåìûõ ÷åðåç ýëåìåíòàðíûå ôóíêöèè, ýòî çàäà÷à
âïîëíå ðåøàåìàÿ (ñâîäÿùàÿñÿ, áîëåå èëè ìåíåå, ê ïîäñ÷åòó ïîëþñîâ è íóëåé).

ß íå áóäó ïðèâîäèòü ÿâíûõ ôîðìóë äëÿ ðåøåíèÿ óðàâíåíèé (23), (24) ìåòîäîì Âèíåðà�Õîïôà
(ïîäðîáíî ýòîò âûâîä èçëîæåí â [1]). Ïðèâåäó ëèøü îòâåòû. Ïîëîæèì

f(x) = ρ(x− b).

Òîãäà

K̃+(k) = (K̃−(−k))−1 =
√

2π

(
ik + 0
2πe

)ik/2π

Γ−1

(
ik + π

2π

)
. (46)

Ïëîòíîñòü ñîñòîÿíèé ïðè v > −b ðàâíà

ρ0(v) =
∫ ∞

−∞

dk

2π
eik(v+b)f̃+(k), f̃+(k) =

1
ik + π

K̃+(iπ)
K̃+(k)

+
1

2 ch k/2
. (47)

Ýòî ïðèâîäèò ê ñâÿçè ìåæäó ìàãíèòíûì ïîëåì è b:

H

2εF
= e−πb

(
2
πe

)1/2

. (48)

Îòñþäà âûâîäèòñÿ ôîðìóëà äëÿ íàìàãíè÷åííîñòè

Mim(H) = S − 1
2

+
i

8
√

π

∫ ∞

−∞
dω

(
H

TH

)−2iω Γ(iω + 1/2)
ω + i0

(−iω + 0
e

)−2iSω (
iω + 0

e

)i(2S−1)ω

, (49)

ãäå

TH =
(

2π

e

)1/2 2εF

π
e−π/g ∼ TK . (50)

Ýòî âûðàæåíèå äîïóñêàåò ðàçëîæåíèÿ ïðè H À TH (÷òî ìîæíî ñîïîñòàâèòü ñ ðÿäàìè ïî òåîðèè
âîçìóùåíèé) è ïðè H ¿ TH (÷òî íåäîñòèæèìî ïî òåîðèè âîçìóùåíèé).

Òåïåðü êðàòêî êîñíåìñÿ ïðîáëåìû âû÷èñëåíèÿ òåðìîäèíàìè÷åñêèõ õàðàêòåðèñòèê ïðè êîíå÷-
íûõ òåìïåðàòóðàõ. Çäåñü åñòü íåñêîëüêî îñîáåííîñòåé.

Ïðåæäå âñåãî, â îòëè÷èå îò îñíîâíîãî ñîñòîÿíèÿ, ðåøåíèÿ óðàâíåíèé Áåòå vi ìîãóò áûòü íå
òîëüêî âåùåñòâåííûìè, íî è êîìïëåêñíûìè. Èìåííî, ïðè N →∞ êîðíè óðàâíåíèé Áåòå îáðàçóþò
p-ñòðóíû (k = 1, 2, . . .):

vp
j,k = vp

j +
i

2
(p + 1− 2k) + O(e− const N ), k = 1, 2, . . . , p. (51)

Âåùåñòâåííûå ðåøåíèÿ ñîîòâåòñòâóþò 1-ñòðóíàì.
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Ìîæíî ïîêàçàòü, ÷òî åñëè ïîäñòàâèòü ñòðóííîå ðåøåíèå â óðàâíåíèÿ Áåòå, òî ïðàâàÿ ÷àñòü
îáðàòèòüñÿ â íóëü èëè áåñêîíå÷íîñòü, â òî âðåìÿ êàê ëåâàÿ áóäåò ñòðåìèòüñÿ ê íóëþ èëè, ñîîòâåò-
ñòâåííî, áåñêîíå÷íîñòè ïðè N →∞. ×òîáû ïîñòðîèòü óðàâíåíèÿ äëÿ âåùåñòâåííûõ ÷àñòåé ñòðóíû
vp

j,k, ñëåäóåò ïåðåìíîæèòü p óðàâíåíèé Áåòå äëÿ âñåõ k. Ïîñëå ýòîãî óðàâíåíèÿ Áåòå ïðèìóò âèä

eipaL = eiJS
∞∏

p=1

np∏

j=1

ep(v
p
j ), (52)

(ep(v
p
j ))Nep,2S(vp

j + 1/g) =
∞∏

p′=1

nm∏

j′=1

Epp′(v
p
j − vp′

j′ ), (53)

ãäå

ep(v) =
v + ip/2
v − ip/2

, ep,2S(v) =
p∏

k=1

v + i
2 (p + 1− 2k) + iS

v + i
2 (p + 1− 2k)− iS

,

Epp′(v) = e|p−p′|(v)e2
|p−p′|+2(v) . . . e2

p+p′−2(v)ep+p′(v).

Î÷åâèäíî,

Sz =
N

2
−

∞∑
p=1

pnp.

Êàê è ðàíüøå, óðàâíåíèÿ ñëåäóåò ïðîëîãîðèôìèðîâàòü è ïåðåéòè ê íåïðåðûâíîìó ïðåäåëó. Îä-
íàêî ïðè íåíóëåâîé òåìïåðàòóðå ñîñòîÿíèÿ çàïîëíÿþòñÿ íåïëîòíî, ïîýòîìó åñëè â ëåâîé ÷àñòè
èíòåãðàëüíûõ óðàâíåíèé âîçíèêàþò ïëîòíîñòè ñîñòîÿíèé ρp(v), òî â ïðàâîé (ïîä èíòåãðàëàìè)
òîëüêî ïëîòíîñòè ÷àñòèö ρ+

p (v). Ðàçíîñòü ρ−p (v) = ρp(v) − ρ+
p (v) ïðåäñòàâëÿåò ñîáîé ïëîòíîñòü

äûðîê. Ñ ýòèì ñâÿçàíà ýíòðîïèÿ

S = log
∏
p,v

(Nρp(v)dv)!
(Nρ+

p (v)dv)!(Nρ−p (v)dv)!

= N

∞∑
p=1

∫
dv (ρp(v) log ρp(v)− ρ+

p (v) log ρ+
p (v)− ρ−p (v) log ρ−p (v)). (54)

Ïðàâèëüíàÿ ñèñòåìà óðàâíåíèé íà ïëîòíîñòè ÷àñòèö ïðåäñòàâëÿåò ñîáîé óñëîâèå ìèíèìóìà ñâî-
áîäíîé ýíåðãèè

F [ρ+] = E − TS −HSz

(âåëè÷èíû ρ è ρ− îïðåäåëÿþòñÿ ïî ρ+ èç óðàâíåíèé Áåòå â èíòåãðàëüíîé ôîðìå). Ýòî äàåò ñèñòå-
ìó íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé, êîòîðóþ îáû÷íî ìîæíî ðåøèòü â ïðåäåëå íèçêèõ èëè
âûñîêèõ òåìïåðàòóð.
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