Jleknusa 8
Moaens Jb/ia 1 KOMMYTUAPYIOIIAE TPaHC(EepP-MATPUIBI

PaccmorpuM JIpyryro MOiesb KJIaCCHIeCKOM CTATHCTUIECKOM MEXAHUKU — ULECTNUBEPULUHHYI0 MOOJEA
nin modeav avda. Ilycts Ha pebpax KBajpaTHOI PEIIeTKN YKUBYT «CIHHBI» € = =+, a B3auMo/ieficTBUE
“MeeT MeCTO B BepimHaxX. VIMeHHO, KaxK 10#1 KOH(MUIYPAIUU CIIMHOB BOKPYT BEPIITIHBI
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corocTaBuM OoJTbIMaHOBCKHIt Bec RZ3E1. CTpenku 3/1ech 0003HAYAIOT OPUEHTAIINIO PEIeTKH.

Kongueypayueti C Ha3bIBAETCSI COBOKYIIHOCTh 3HAYEHUIl CIIMHOB Ha BCeX pebpax pemeTku. Becom
koudurypanuun W(C) naspiBaeTca npousBeieHne GOJbIMAHOBCKUX BECOB BO BCEX BEPIIUHAX DEIIETKU.
Ocnosrnotli Kongdueypayued, Ha3biBaeTcs KOHMUrypalus Hanbosbiiero seca. Cmamucmuveckol cymmots
Ha3bIBAETCS CyMMa BeCOB 110 BceM Koudurypamusy Z = y_ - W (C). Hlecmuesepuiumnoti modesvro Ha3bl-

BaeTCsl MOJeJIb, B KOTOPOIl Beca He paBHbI HYJIIO TOJBKO IIPU yCJIOBUU

€1+¢e2 =¢€3+ ¢y, (1)
U Beca MHBAPUAHTHBI 110 OTHOIIEHUIO K WHBEPCUM BCEX CIIMHOB:

Rigf :i;‘ = R332, (2)

Wrak, BOKPYT KaKJ0if BEPIINHBI JOIYCKAETCH OJHA U3 CJEIYIONINX IEeCTU KOH(MUTYPaInii
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Matpuiy R MOXKHO B 9TOM CJIydae 3alllCaTh B BHJIE
a
R f; © (3)

a

Paccvorpum Mmozmens ma pemerke pazmepa M X N ¢ NUKIXIECKUMHA TPAHUIHBIMA YCJIOBUSIMH U BBEIEM
TpaHcdep-MaTpUIly CTOIOIA
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Marpuity R ymo6HO paccMaTpuBaTh KaK OIepaTop Ha TEH30PHOM IIPOU3BEIEHUH JIBYX JIBYMEPHBIX IIPO-
CTPaHCTB:
2
R:C*@C* = C?®C? v, Qve, = RIFv @ vgy,.

31ech v, — ecTecTBeHHbIH 6a3uc B mpocrpancte V = C2. Ecun umMeeTcss IpOU3BeIeHIe MIEHTHIHBIX
IIPOCTPAHCTB, cKaxkeM, V1 ® Vo ®@ ... ® V}, To 4epe3 R;; MBI OyaeM 0003HaYaThL OIEPATOP, ACHCTBYIOMMIT



Ha mpomssesenun V; ® V; kak R, a na apyrux Vi xak eaunamynbi oneparop. Torga tpancdep-marpuily
MOXKHO 3aIliCaTh KOMIAKTHO B BUJIE

T:trVO(RON...ROQRol). (5)

OHepaTop IO/ BHAKOM CJieJla 3aCIy>KHUBaeT OTAC/IbHOI'O O603Ha‘{eHI/IH
A B
L=Roy...RoyRo = (C D> (6)

1 Ha3bIBaETCA Oonepamopom MOHO@pOM’LLU. O‘{BBI/I,HHO
T=A+D. (7)

IpocrparcrBo Vi ® ... ® Vi Ha3bIBAETCA KGAHIMOGHLM NPOCMPAHCINGEOM, & IPOCTPAHCTBO Vo — 6Cno-
Mozamenvrvim npocmparcmeom. Oneparop L paccMmarpuBaercs OObIMHO KaK ONEPATOP B KBAHTOBOM
POCTPAHCTBE M KAK MaTPUIA — BO BCIOMOraTeJbLHOM HpocTpaHcrBe. Marpudnble ssgementsl A, ..., D
JIEICTBYIOT KaK OIepaTopbl B KBAHTOBOM IIPOCTPAHCTEE.

Pentenve 3a/1a491 0 BLIYUC/IEHUN CTATUCTHYECKON CyMMBI MIECTUBEPITMHHOMN MOJIE/IN CBOJUTCS K 331896
0 HAXOXKJIEHUU COOCTBEHHBIX 3HadeHuit Tpancdep-marpunpl. Korga takoro tuia 3a1ada Morya 661 ObITh
paspemuma Touno? Ilo cyTu 310 BOpoc o k8anmosol unmeepupyemocmu Moesu. ITo Takoe KBAHTOBAsI
UHTErPUPYEMOCTh, MBI TOYHO HE 3HAEM, HO B KJACCHUYECKOH MEXaHUKE MOJeJb UHTErpupyeMa TOrja,
KOTJa B Hell MMEeTCs JOCTATOYHOE KOJMYECTBO MHTETPAJIOB JIBUKEHHS B MHBOJIONUHU. 1l03TOMY Ham
XOTEJI0CHh OBl UMETDH JIOCTATOYHOE KOJUIECTBO OIEPATOPOB, KOMMYTHUPYIOMUX ¢ TpaHcdep-MaTpuneil u
JApyr ¢ apyrom. IIpeanosiosKuM, 9TO TaKhe WHTErpasibl UMEIOT CHOBa Bui Tpamcdep-marpuisl 17 ¢
Kakoit-ro jpyroii marpuieir R’ Buma (3). Urax, mycrs umerorca oneparopsl T u T' sugma (5) ¢ R-
marpunamu Buga (3). Korma onn kommyTupyror? [locrarodnoe (XoTs n He HEOOXOAMMOE) YCIOBHE
MokHO copmymupoBaTh Tak. Omeparopsr T' m T’ KOMMyTHDYIOT TOT7a, KOTZia WMeeTcss MaTpura R
Buza (3), Takas 4To

AR _ /It
121323 = Roz Rz Y. (8)
I'paduyeckn 3TO BBITISIUT TaK:

R 3 R R
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DTO COOTHOIIEHNE HAa3bIBAETCA YypasHeruem Hneza—Baxcmepa.
Kommyrarusaocts Tpancdep-marpur, T u T npu ycnosuu (8) jierko mokaszarh rpadudecku (IUKIm-
YEeCKMe YCJIOBHsl HA BEPTUKAJILHBIX JUHUAX HOIPA3YMEBAIOTCS ):
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B Bume dpopmyn mokaszarenbCTBO 3amuchbiBaeTcsa Tak. U3 ypasuenus fura—bakcrepa ciemyer, ITo

/! !/ / 1/
12L1L2 = Ly Ly Ry,

rje onepatopbl L) m Lo mefiCTBYIOT HA OJHOM W TOM YK€ KBAHTOBOM TPOCTPAHCTBE, HO UMEIOT DA3HBIE
BcromoraTesbHble mpoctpanctsa Vp u Vo, Torma

T'T = trv,ev, (LllLQ) = tl"Vl®V2(( I1/2)71R/112L/1L2) = trV1®V2((P°/1/2)71L2L/1 ,1/2)
= trV1®V2( /1/2( /1/2)_1L2L/1) = tI‘V1®V2 (LQL/I) =TT



Temeps HEOOXOMMMO pemuTh ypaHenue fura—Bakcrepa. He OyaeM BBIBOIUTH peIlieHne MOCIe 0Ba~
TeJIbHO, TIPUBEJIEM TOJIBKO OTBeT. [IoHATHO, 9TO HOPMUPOBKA R-MaTpUIl He BayKHA, IOITOMY R-MaTpHUIlbI
MOXKHO [IapaMeTPU30BaTh JAByMs mepeMeHHbIMU. O603HAYUM X A U %. YJ0OHO BBECTH TPUTOHOMETDU-
YECKYIO MMapaMeTpPU3aliio

a(A,u) = sin(A — u),
b(\, u) = sinu, (9)

ecmmc<a+b,a<b+c,b<a+c,u

b(A,u) = shu, (10)

ecan ¢ > a+b. Caydyan a > b+ cu b > a + ¢ He UHTepeCcHBI (CM. HIXKeE).
B napamerpuszanuu (9) unu (10) pemenue ypasuenus dnra—Bakcrepa umeer Bu

R= R()\,UQ - Ug),
R/ = R()\,ul — Ug), (].].)
R// = R(A,ul — UQ).

TTapameTp A mosKeH OBITH OAMHAKOB JIJTsT BCEX TPEX MATPHUIL U B JaJbHEHIIeM MBI OYIeM €ro OImyCKaTh.
TTapamerp u y Bcex Tpex MATPHI] PA3JIMYEH, XOTS er0 3HAYEHUs U CBSI3aHbl COOTHOIIeHnEM. BaskHO, 4TO
It TIOOBIX AByX MaTput R u R’ ¢ omuHAKOBBIM 3HavYeHneM \ mmeercst marpuna R’ (¢ Tem ke, KcTarn,
3HaUYeHneM \). DTO 3HAUWT, UTO MMEETCs IeJI0e CeMefcTBO KoMMyTupytomux TpaHcdep-marpur T'(u) ¢
MIPOU3BOJILHBIMY U W (PUKCUPOBAHHBIM \:

[T(u), T(u)] =0 Yu,u'. (12)

Ilepemennast u HA3BIBAETCH CNEKMPAALHOLM NAPAMEMPOM.
3aMeTuM, 9TO mapamerp u; yA00HO MPUITNCATD i-if JUHUA, a R-MaTpUIly 3aliChbIBATH B BHUJIE

€3
R(u — )23t = €2 z €4
E1€2 U
€1
Cootrnomenne dura—bakcrepa
R12(u1 - U2)R13(U1 - U3)323(U2 - Ug) = 323(U2 - U3)R13(u1 - Us)Rlz(U1 - Uz) (13)
MOYKHO TOT/Ia M300Pa3uTh KaK
us
= (13)
us
U2 Ul U2 U1

B TaKOM BH/I€ YpaBHEHUE HHFa*BaKCTepa BO3HUKJIO B T€OPHUU II0JIAA KaK YCJIOBUE @aKTOpI/ISaH‘I/H/I MHOI'O-
YACTUYIHOTO PACcCesiHUsl HA ABYXYACTUYHbIE. 3aMeTuM Takxke, uro R-marpunst (9) u (10) yaosieTBopsaoT
COOTHOIINCHUAM KPOCCHUHI-CUMMETPHUU U YHUTAPHOCTU BUIA
_ €384 __ €2 —€3 _ — _
R()‘ u)51€2 = R(u)54 —e1 RlQ(U)R21( u) = a(u)a( u) (14)
Ha.HI/ILH/Ie KOHTHHYAJIbHOI'O ceMelicTBa HUHTEeIr'paJioB ABUZKEHN A, KOHEIHO, HE O3HaYaeT, YTO UX ,ZLGI‘/'ICTBI/I—
TE€JIbHO 6eCKOHe‘{HO MHOTI'O. Ha. CaMOM JieJie 9aCTb U3 HUX 3aBUCHUMBbI, TaK 9TO UX KOJINYECTBO KOHEYHO,



HO JIOCTATOYHO JJIsl MHTErpupyeMocTu. 36aBUTHCH OT KOHTUHYAJIbHOI'O IIapaMeTpa MOYKHO, yuTd aHa-
JINTUYHOCTH TPaHCc(ep-MaTPUIlbl KaK (DYHKIUHA U U PACCMOTPEB IMPOU3BOISIINN (DYHKITMOHAJ

o0

TH0)T(u) =1~

n=1

H,u"
nl

Tamunprormansl H,, KOMMyTHPYIOT JPYT C APYTOM
[HmyHn} =0 Vm,n

u 00pa3yloT CeMeiCTBO JIOKAJbHBIX WHTErpajoB JIBUXKeHUS. JIOKaJIbHOCTH O3HadaeT, 9ro H, MOXKHO
MIPEICTABUTH B BHUJIE Zi\;l I, i, toe I, ; 3aBACUT TOJILKO OT KOHEYHOI'O YHUCJIa y3JI0B 4,4+ 1,...,i+n. Ha
caMoM JgeJjie TosbKO 1iepsble N — 1 unrerpasos H,, u oneparop 7'(0) nezasucumbl. Oueparop H; Haiitu
O4€eHb JIerko. JleficTBUTEIbHO, PACCMOTPHUM [TPOU3BEJIEHNE

a(u) —ucos A
R(u) = R(u)P = EEZ) IC’EZ) = Isin )+ y +O(u?)
a(u) —ucos A
=sin\ — <h + COS)‘) u+ O(u?),

rae

1 - . ,
h— _5(0“5 ®o” + 0¥ ®o¥ —cos\o® ®o?).

B nepBom mopsimke mo u mMeHHO 3TH cjaraemble manayT Bkiag B Hy. VIx He odeHp CiI0KHO cOOpaTh
(manpuMep, B MHIEKCHBIX OOO3HAYEHUSX ), U IIOJIYYUTH

N
H, = Hxxyz + 5 Cos A,

rme Hyxxz — ramuabronnan X XZ-momenn [aiizenbepra:

N
1

Hxxz = D) Z(Ufﬁiﬂ + U%”Z-H +Acjon ), (15)

n=1

rie
a2 4+ b2 — 2

A=—cosA\= ——— 16
cos 2ab (16)

(mocste THEE PABEHCTBO BEPHO IIPH JIFOOBIX 4). B ciydae ¢ > a + b nmeem
A= —ch. (16")

Takum 0oO6pazom, YTOOBI HANTH COOCTBEHHBIE COCTOSHUSI MIIECTUBEPITMHHON MOJIEIN, TOCTATOYHO HANTH
cobcTBennble cocTostuust X X Z-moenu Laitzenbepra. Ha camom mese obe 3ajatin paBHoit ciaoxkuocTr. Ho
XXZ-MoJ1eJIb COMEPKUT BaXKHBII HAMEK Ha TO, KaK CJIeJyeT peliaThb 3Ty 3a1a4dy. IIpexkie Bcero, BBeIeM
OIIepaTop MOJHOIO CIUHA

U3 ycoBus IbIa CIeAyeT, ITO HAIIH OIePATOPEl KOMMYTHPYIOT ¢ HEM:!

[T(u), Sz] = [Hxxz, SZ] =0. (17)

Orciofia ciemyer, 9TO COOCTBEHHBIE COCTOSIHHMSI MMEIOT OIIPEJIEJICHHYIO HPOEKINIO IIOJHOro crmHa S7.
IIpocreiitee n3 Takux COCTOSHUI JIETKO TOCTPOUTH: 3TO NCEBI0BAKYYMbL

|Qi>:7}i®vi®-~-®vi7 (18)

N

1
IIpu sToMm onm He KomMMmyTHpyIOT ¢ S*, SY!



B KOTOPBIX BC€ CIIMHLI ITIOBEPHYTHI BBEPX WJIX BCE BHUS. O‘{eBI/I,J:LHO7

NA

S0 =5 100),  T@)0w) = @V @) B @)I0L),  Hxxl0s) = 1o

|€24).
IIpoGiema B TOM, 9TO 9TH COCTOSTHUSI SIBJISIFOTCSI OCHOBHBIMU TOJBKO B ciydae A > 1. B atom ciyuae
a>b+c (mmb > a+c) 1 OCHOBHBIMUA KOH(MDUTYDPAIMSIMA TMECTUBEPIINHHON MOJIENN SIBJISAIOTCA KOH-
durypanum, B KOTOPHIX BCe CHMHBI UMEIOT OJIMH 3HAK (MM BCE HA BEPTUKAJIBHBIX PEOPax OJUH 3HAK,
a Ha TOPU3OHTAJIBHBIX — Apyroii). Jlerko ybeamurTcsi, 9T0O JJid TOrO, YTOOLI [IEPEBEPHYTH OJUH CIIUH,
HEOOXOIMMO B 9TOM CJIydae IEePEeBepHYTh TakxkKe ~ N CIMHOB, TAK YTO B TEPMOIMHAMUIECKOM IIPEJIETIE
BEPOSITHOCTH [I€PEBOPOTA CIIMHA B TOYHOCTH PABHA HYJIIO. [OBOPST, 9TO B CHCTEME UMEIOTCH 8MOPOIHCEH-
Hble OCHOBHBIe KoHburypanuu. Hac Oyier nnrepecoBars ciaydait A < 1.

Cocrostaust dukcupoBanHoro cimaa S* = N/2—k MOXKHO IPEeJICTABATH B BU/JIe JIMHEHHOH KoMONHATIAN
COCTOAHUN

_ _ L., .
N1, nk) =0, 0, [Q4), aizi(a +i0Y), (19)

IIpUYeM BCE 7 JOJIKHBEI OBITh pasiu4Hbl. llockonbKy rammibroHnan Hxxy I€peBOpaduBaeT TOJILKO
COCEJIHUE CITUHBI, COOCTBEHHBIE COCTOSIHUSI TaMUJIbTOHNAHA OYIyT BBITISIETh KaK ILJIOCKME BOJIHBI, KOTJIa
In; —nj| > 1 (¥i,7).

Haurewm co caygas k = 1. B aTrom caydae paccMoTpuM COCTOSTHEE

U1(2)) = ) 2" [n). (20)
Herpy/iHO NpoBepuTH, 9TO
Hxxz|V1(2)) = (—]\;A+e(z)> [Ty (2)), €(z) =20 —z— 271 (21)

Ouesmno |z| = 1, Tak uto —2 < z+2z~! < 2. Takum obpazom, mpu A > 1 Bce ofHOUACTHIHBIE BO3OY 7K 1e-

HUs UMEIOT [IO0JIOXKUTEJIbHYIO S9HEPIHUIo €(2), Tak 4o |$)1) SBiIseTcsd UCTUHHBIM JIBYKPATHO BBIPOXKICHHBIM

BaKyyMOM cuctembl. B ciydae —1 < A < 1 9acTh BO30OYXKJIEHHBIX COCTOSHUN UMEIOT MOJIOKUTETHHYTO

SHEPIruio, a YacTh — oTpunareapbuyio. [Ipn A < —1 Bce Bo30yKI€HUSI UMEIOT OTPHUIATEIHLHYIO SHEPIHIO.

B iBYX IIOCJIIHUX CJIy9asiX OCHOBHBIM COCTOSIHMEM SIBJIsieTcsi cocrosinme ¢ S% = 0 nim S* = £1/2.
Paccmorpum Tenepn nByxuacTuaHOE coctosinue, k = 2. Bynem nckarh ero B Buie

|\I’2<2’1,22)> = Z (Algz?lz;” + A212312?2>|n1,n2>. (22)

ni<nz

HeiicTBrE TAMUJIBTOHUAHA HA IJIEHBI CYMMBI C Mo > N1 + 1 HE OTVIMYAETCs OT JEHCTBUS HA OJHOIACTUIHDIE
cocrosiaust (20), a neficTBre HA WIEHBI C Ny = Ny + 1 MOXKHO paccMaTpuBaTh Kak ycsaoBus ciuku. OHu
HMEIOT BUJ,

A
A21

1+ 2129 — 2A2z
1+ Z1%2 — QAZQ ’

= S(Zl,Zg) (23)

OueBu o

Hxxz|Vs(21,22)) = (_J\;A +e(z1) + 6(22)> |Wa(21,22)),

TO €CTb dHEPruu BO30YKIEHUI CKIIAIbIBAIOTCA. KpoMe TOro, BUIHO, YTO aH3ATI JJjIs BOJHOBOM DyHKITII
(22) He COIEpPKUT OTPAYKEHHBIX BOJH. MBI IPEANOIOKUM, YTO TO CBOMCTBO COXpaHseTcd U B 00IIeM
ciydJae:

IIpeodnoaooicenue. Ilrockue soanvs 6 basuce (19) pacceusaromes nod deticmeuem Hxxz 6esompa-
2HCAMENBHO.

DTO 3HAYUT, YTO BOJHOBBIE (DYHKIMU CJIEYET UCKATh B BUJIE

k
U(z,nz)) = Y Y Agio [[ 2000, ).
j=1

n1<...<np c€Sy



Taxoil Buz BOJIHOBOI (DYHKIMK HA3bIBAETCH (kKoopdunamubvim) ansamuyem Beme. Moxuo nokasarb, 4ro
JleiicTBrEe raMuJIbTOHNaHa Hxx7z He MOPOXKIAeT HOBBIX YCJIOBUIl CITMBKHU, TAK YTO OTHOINEHUS AMILTATY/T
JlaroTest Toi ke dyHkmei (23):

A ij JA i = Sz, z5)- (24)
IIpu sToM ycmoBun
NA &
Hxxz|\11k(21,...,zk)>: _T+ E(ZZ) \\Ilk(zl,...,zk)>7 (25)

=1
TO €CTb SHepFI/II/I B036y}K,ZLeHI/II71 OIIATh-TaKM! a,II,ZLI/ITI/IBHbI. I[anee CJIe,HyeT HaAJIOZKUTH yCJIOBI/Ie HepI/IOﬂI/ILI—
HOCTH
N __
2= 1] S 2). (26)
J, j#i
KOTOPOE JIaeT CUCTEMY yPABHEHUI Ha «UMITYIbCHI» Z;, HA3bIBAEMYIO CHCTeMOU ypasnenut beme. Perras

9Ty CUCTEMY U IOJCTaBJisd peleHus B (25), MOXKHO HailTh Bce cOOCTBEHHbIC 3HAYEHUS MAMUJIBTOHUAHA.
B ciemytoreii JIEKIUN MBI [IOJIYYUM 9Ty CHUCTEMY HECKOJIBKO UHBIM IIyTEM.

3agaun

1. Onpesenunm «HOPMEPOBaHHYI0> R-Marpuiy R(u) = k' (u)R(u) yeroBusvu:

R()\ - ’U,)E3€4 = R(u)gz —es é12(U)R21(—U) =1.

€1€2 €4 —€17

OueBnno, uTo aHasuTHYecKas GYHKIUS £(u) YIOBIETBOPSIET YCIOBUSIM
k(A —u) = k(u), k(u)r(—u) = a(u)a(—u).

Haiiru perenune stux ypasuenuit npu A < —1, sapjsiomeecs: (pyHKIMeH IepeMeHHoi 2z = €% u He uMero-
1ee MOJII0COB U HyJelt B obsactu —A < Rewu < A. Pemenne yno6HO BbIpasuth depe3 pyHKINN BUIA

o

(2:P)oe = [ (1 = 2p™).

n=0

2. Iokazarb coorTHOueHue (23).



